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Optimal control performance, respectively. In addition, for the AUV system with the second-order strict-feedback
Neural networks (NNs) dynamic model, the optimal controller design method based on filtering errors is proposed for the

Autonomous underwater vehicle (AUV)

. first time to simplify the controller design and accelerate the response speed of the system. Then,
Input saturation

to solve the model-dependent problem, an extended state observer (ESO) is designed to estimate
the unknown nonlinear dynamics, and an adaptive law is designed to estimate the unknown model
parameters. To deal with the input saturation, an auxiliary variable system is utilized in the control
law. The strict Lyapunov analysis guarantees that all signals of the system are semi-global uniformly
ultimately bounded (SGUUB). Finally, the superiority of the proposed method is verified by comparative
experiments.
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1. Introduction are unsuitable for AUV. As a bridge between optimal control and
adaptive control, reinforcement learning (RL) is a goal-oriented

With the development of the marine economy, more and learning tool, which can be used to solve optimal control prob-
more countries pay attention to marine science and technology.  lems to avoid solving HJB equations without analytical form.
Autonomous Underwater Vehicle (AUV), as a vital equipment  |p this context, using RL neural network (NN) to solve the HJB
of ocean exploration, has bgen widely applied tp underwater equation has become a popular method. In [12-14], the actor-
tasks such as seabed mapping [1], pipeline maintenance [2],  (yitic structure called adaptive dynamic programming was first
field source sea.rch [3].and so on. In these tasks, AUV.needs proposed to create an RL-based optimal control scheme. Subse-
to track the desired trajectory autonomously, so AUV trajectory quently, in [15-19], the optimal trajectory tracking control algo-
tracking control has become an active research topic and has rithm b'ase d on the: adaptive RL method is gradually developed

attracted wide attention. Many control algorithms have been . .
successfully applied to AUV trajectory tracking tasks, including gnd has become popular'ln recent years. However, this method
is rarely used in AUV trajectory tracking control. In [20], a data-

PID control [4], backstepping control [5], sliding mode control [6], . imal : ith bed perf
model predictive control [7] and so on. driven optimal RL control scheme with prescribed performance

Due to the enormous energy consumption of underwater nav- was created for the unmanned surface vehicle control, which
igation, it is necessary to consider the optimal characteristics of ~ Simultaneously pursues control optimality and prescribed control
AUV trajectory tracking control. Solving the optimal control prob- ~ accuracy. In [21], an optimal backstepping trajectory tracking
lem is equivalent to solving the Hamilton-Jacobi-Bellman (HJB) ~ control method for surface vessels was proposed, in which the
equation [8]. However, the HJB equation of AUV dynamics is chal- HJB equation is solved by actor-critic approximation at each step
lenging to solve due to its inherent nonlinearity and complexity. of backstepping. In [22], a self-learning-based optimal tracking

Therefore, some of the existing optimal control algorithms [9-11] control scheme is constructed for unmanned surface vehicles

with attitude and velocity constraints using adaptive RL and

* Corresponding author. backstepping techniques. However, the above control methods
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In practice, it is almost impossible to establish an accurate dy-
namic model of the nonlinear system, especially for the complex
AUV system. The inertial mass and fluid dynamics are difficult
to identify accurately. For this reason, integral RL is proposed
as an alternative formulation to the Bellman equation to elimi-
nate the requirement for the dynamics of uncertain systems [23,
24]. In [20], the integral RL technique was used to avoid the
necessity of uncertain system dynamics, but it still needs the
inertia matrix information. Furthermore, actor-critical-identifier
(ACI) structures have been widely used in developing optimal RL
controllers [25-27], where identifiers are used to estimate the
dynamics of uncertain systems. An advantage of using the ACI
architecture is that the learning of actors, critics and identifier
is continuous and synchronous, there is no need to understand
the nonlinear dynamics of the system, and disturbances and
state unmeasurability problems can be dealt with simultaneously
when necessary [28].

Usually, AUVs are modeled with second-order dynamics in
strict-feedback, so two primary schemes are currently used to de-
sign optimal trajectory tracking controllers based on adaptive RL.
First, the second-order dynamic model is written in linear form
when designing the optimal controller, and then solved [15,20]. In
this scheme, the position and velocity components are combined
into one vector, and then the controller is designed, which will
also lead to the doubling of the order of the matrix in the design
process. The other scheme is called optimal backstepping, that
is, the optimal property [21,22] is considered at each step of the
backstepping method. Compared with the linearization method,
this method can design the controller without increasing the
order of the matrix. However, it requires four NNs (i.e., two actor—
critic structures) to complete the solution. In summary, although
the optimal trajectory tracking problem based on adaptive RL
methods for solving AUVs has been solved, the solution process
is more complicated. Therefore, it is necessary to propose a new
approach to simplify the design of the controller.

In addition, in practical applications, the AUV actuator has
power constraints, so it is meaningful to consider the input satu-
ration problem when designing the control algorithm. In [29,30],
the regular operation of the AUV actuator was guaranteed by
directly limiting the control input. However, the control trunca-
tion between the saturated and unsaturated input usually occurs,
which causes potentially unstable control behavior. To deal with
this problem, an additional auxiliary term is designed to compen-
sate for control truncation between saturated and unsaturated
inputs [31,32].

Inspired by the above literature, in this paper, an adaptive
model-free optimal RL NN trajectory tracking control method
based on filtering error is designed for the AUV system. An
optimal control method based on filtering errors is proposed to
simplify the design of the controller and speed up the response
of the system. The actor-critic is used to solve the HJB equa-
tion, where actor and critic NNs are used to perform control
behavior and evaluate control performance, respectively. Then,
an extended state observer (ESO) is designed to estimate the
unknown nonlinear dynamics, and an adaptive law is designed
to estimate the unknown model parameters. In addition, an aux-
iliary variable system is utilized to deal with the input saturation.
The main contributions are as follows:

(1) For the trajectory tracking control problem of the AUV,
which is modeled by second-order strict-feedback dynamics, un-
like the traditional error-based performance metrics, a new fil-
tered error-based performance metric is proposed for the first
time in this paper, considering both the error and the derivative
of the error. It not only effectively speed up the response of
the system, but also simplifies the controller design by avoiding
the technical and mathematical complexity due to the use of
backstepping techniques [21,22] or linearization [15,20].
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(2) Unlike previous work [20-22], the model information of
AUV must be known, the proposed optimal RL control method
estimates the unknown nonlinear dynamics by designing an ESO,
and designs an adaptive law to estimate the unknown model
parameters, so that the controller is completely independent of
the model information.

(3) Because of the enormous energy consumption in deep-
sea long-distance navigation, this paper considers the optimal
characteristics in the control of the AUV and realizes the bal-
ance between performance and cost, so it has great practical
significance.

This paper is structured as follows: Section 2 covers the AUV
model transformations and control objectives. The design and
stability analysis of the adaptive optimal RL controller is given
in Section 3. Section 4 verifies the proposed control algorithm by
simulation experiments. Finally, the conclusion of this paper is
summarized in Section 5.

2. Problem description
2.1. AUV systems with input saturation

The motion model of a 3-DOF AUV in the xoy plane is as
follows [33]:

n(t) = R(n)(t) 1)
Mu(t) + C(v)v(t) + D(v)v(t)+d =4
where n = [ ny, n.]" € R® denotes the position coordinate

(nx, ny) and the yaw angle n, of the AUV in the inertial coordinate
system, respectively; v = [vy, vy, v;]" € R? denotes the surge,
sway and yaw velocities of the AUV in the body-fixed coordinate
system, respectively; § = [81, 82, 83] = sat(8.) € R® is the control
input with saturation, it is designed as

(SimaXa if aci = Simax
8 = sat(8q) = { dai, if [8¢i| < Simax (2)

_Simam if 8ci =< _(Simax

where 8. = [8.1, 8c2, 8c3]" is the actual controller designed later,
and Smax = [81max> 82max, 83max]’ denotes the upper limit of the
control input that can guarantee the normal operation of the AUV.
R(7,) is the coordinate transformation matrix satisfying R (,) =
R71(n,) and |R(n,)|l = 1; M e R®*3 is the AUV inertia matrix;
C(v) € R**3 is the Coriolis centripetal matrix satisfying C(v) =
—CT(v); D(v) € R**3 is the damping matrix; d is the unmodeled
dynamics and external disturbances. The M, C(v) and D(v) have
the following forms:

M1y 0 0
M = 0 mypy 0 s
0 0 mass

0 0 —Mavy
Clv) = 0 0 myvx |,
LMy —My1vy 0

dyy O 0
D(U) = 0 d22 d23 .
L 00 d3 ds3
Assumption 1. M, C(v), D(v) and d are unknown but bounded.
The tracking error is defined as
ne(t) = n(t) — na(t) (3)

where ng¢ = [1xd, Nyd> 1,417 represents the desired trajectory. The
filter tracking error is then defined as

s(t) = Ane(t) + ne(t). (4)
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Fig. 1. Control system structure of the proposed scheme.

Let F(&) = R(n;)u(t) — R(n; M~ [C(v)u(t) + D(v)v(t) +d], then
we have
5(t) = ARe(t) + F(€) + R(n )M ™'8 — ija(t). (5)
To facilitate the solution, let w(t) = R(n,)v(t), then (1) can be
rewritten as
{r'l(t) = o(t)

= C(v)o(t) + D(v)w(t) + d + 8m (6)

where f(v) = —R(n, )M~1C(v)R71(n
R™'(n2) + R(nz)R™ j( nz2) d= —R( ()M~

Define f(£) = C(v)w(t)+ D(v)w(t) +
expressed as

{ﬁ(t) = o(t)
a(t) = f(€) + 8m.

The new filter tracking error is then defined as

) = —R(n,)M~'D(v)
R(y)M~18.

m =
hen (6) can be further

)b(
'd, §
+d, t

(7)

5(6) = Ane(t) + ie(t). (8)
In addition
S(E) = ARelt) + F(€) + 8m — iia(t). 9)

Assumption 2. The unknown dynamics f(&) and its derivative
f(g ) are bounded, that is, there exist positive constants y; and

¥; such that [[f(£)]| < yr and [If(£)]| < ¥

Remark 1. s(t) and $(t) are numerically identical. Still, their first
derivatives have different forms, which are used in the stability
analysis of the two models, where the intermediate control law
8m is related to $(t), and the final control law § is related to s(t).

2.2. Control objective

Based on the filtering error, an optimal RL NN controller com-
pletely independent of the model information is designed for the
AUV such that (1) the AUV follows the desired trajectory ny and
(2) all error signals are semi-global uniformly ultimately bounded
(SGUUB).

3. Optimal reinforcement learning neural network controller
design

In this section, an ESO is first designed to estimate the un-
known dynamics f(&) of the system. Secondly, an optimal inter-
mediate control law is designed based on the transformed model
(6), in which the critic and actor NN are used to evaluate the con-
trol performance and execute the control behavior, respectively.

Then, by inverse transformation and designing adaptive law for
unknown model parameters, the control law which acts on the
original system completely independent of the model information
is obtained. Furthermore, the problem of input constraints is con-
sidered, and an auxiliary system is used to deal with the control
truncation between saturation and unsaturation. The controller
structure is shown in Fig. 1.

3.1. Extended state observer design

In order to estimate the unknown dynamics f(&), based on
system (7), the following ESO is designed as

f) =X — X

?;(1=?:<2+/3177 (10)
X = X3+ Bal) + 8

X3 = B3]

where Bi—12.3 € R,
According to the ESO (10), combined with the AUV model (7)
we get

A

=%, ®=2%, f(§)=2%x
where 7) is an estimate of the AUV position state vector , @ is an
estimate of the AUV conversion velocity state vector w, and f(&)
is an estimate of the AUV system unknown dynamics f(&).
Let X; = X; — X1, X, = X — X3 and X3 = x3 — X3, according to

(7) and (10), the error dynamics are defined as

)71 =X — fix

Xz—X3—,32?~<1 (11)

=f(&) — Bsk1.

Define X = [y, %, %3], and the error dynamics (11) can be
rewritten in a compact form that

X = A(e)X + Bf (€) (12)

where

B I 0 0
Ale) = |:—/32 0 I:|, B = |:O:|
—B3 0 0 I
Then the following theorem can be given.

Theorem 1. Considering the closed-loop system consisting of the
AUV system (7) and the proposed ESO (10) with Assumptions 1 and
2, if there is a positive definite matrix I" satisfying:

Al + TAT = —Al (13)
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and choosing the positive design parameters A and Bi—12.3 appro-
priately with satisfying:

>y (14)
B1B2 > B3 (15)

then error signals Xy, X, and x3 are SGUUB.
Proof. See Appendix A.
3.2, Controller design

For the converted system (6), the long-term performance in-
dex is defined as

J(§)=/ e 0r(5(c), 5(3))ds (16)

where y is the discount factor, and r(5,8,) = S$T(£)Q3(t) +
8T(3)8m(S) is the cost function at time t, and Q is a constant
matrix that can be traded off between control performance and
control cost. The optimal control problem is to solve the control
strategy 8, € £2 such that the long-term performance index (16)
is minimized [34].

Remark 2. The boundedness of the long-term performance index
(16) is guaranteed by introducing a discount factor y. In general,
y = 1 can be used only if it is known in advance that the
reference trajectory ng4 is generated by an asymptotically stable
command system. However, if the reference trajectory nq is a
general bounded signal, y needs to satisfy 0 < y < 1 to ensure
the boundedness of the long-term performance index (16).

Based on the long-term performance index (16), the Hamilto-
nian function can be obtained as

HG, 8ms Js) = 13, 8m) + JL(5)3(8) — yJ(3) (17)

where J;(S) = 9J(5)/05 is the gradient of J(S) versus s.
The optimal long-term performance metric is defined as

J*(5)= min ) / b e "SI (3(s), Sm(3))ds

Smew (2
= /ooe_y(g_t)rG(g),8,’;(5))(15‘ (18)

where 4§, is the optimal control law, ¥($2) is the set of control
policies on £2 that satisfy the control performance, and £2 € R® is
a compact set.

Based on (9), (17), (18) and ESO (1

0),
H, 85, J5) = 13, 85) + T (3)5(6) — vJ*(35)
=§1(0)0Q3(t) + 857 8% + 1T (3) [ Ae(t) + (&)
+ 85 —iia(t) | —yJ*(8) = 0. (19)

Then, the optimal control law §;;, can be implemented by
solving 0H(S, §* J$)/98,, = 0, thus we have

s 9mo

we get

n= —%J;* (3). (20)
Substituting (20) into (19), we obtain
HG, 85.J7) = MQ)IBI? + LT[ Ane(t) + F(&) — Fia(t)]
1 o . o
- KTEKE -y @) =0 (21)

where A(Q) represents any eigenvalue of the matrix Q.

The optimal control law §;, can be obtained by combining
Eqs. (20) and (21). However, the high nonlinearity and complexity
of the AUV system make this equation difficult to solve. Therefore,
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the classical framework of RL, actor-critic NN, is used for online
learning to obtain §;,.

To achieve the desired control performance, the optimal value
function (18) is rewritten as

J(3) =KISOI? — Ks[15(6)11* +J*(3)

=K¢[IS(O)I1* +J°(3) (22)
where K is a positive design constant and J°(5) = J*(§) — Kz||5||2.
Remark 3. The Eq. (22) decomposes the term Kx||5(t)||? to better
realize the tracking control of the system. Although there are
many optimal control methods, such as [17,35,36], which can
guarantee state boundedness and system stability, there are few
research results to solve the trajectory tracking control prob-
lem. In the design, the desired tracking performance can be ob-
tained by decomposing the term Kx||5(¢)||? from the optimal value
function and selecting an appropriate parameter K;. The method
can also be easily extended to higher dimensional systems by
replacing the Ks||5(t)||? term with a norm expression.

Then (20) can be rewritten as

8y = —K(O — ) (23)

where J(5) = 9]°(5)/35 is the gradient of J°(S) versus S.

NNs can approximate unknown nonlinear functions with ar-
bitrary accuracy on compact set 2, [37]. Here, the function J°(5)
is approximated by NN and defined as

J°G3) = WTo(3) + €(3) (24)

where W* e RN is the ideal weight vector and N is the number of

neurons; ¢(8) is the basis function vector; €(5) is an approxima-

tion error. According to [37], there exist two unknown positive

constants dy and d. such that |W*|| < dw and |€(8)|| < d..
Based on (24), J*(5) and 8, can be rewritten as

J¥3) = KI5(O11> + W o(3) + €(3) (25)
R 1979(3) . 10€(3)
O = —KeS(0) = 2 33 258 (26)

where 37 (s)/as e R**N and 9¢(8)/05 € R? are the gradients of
©(3) and €(5) to §, respectively.
Substituting (25) and (26) into (19), we have

HG, 85, W*) = — (K2 — A(Q) + yKs) I5(D)]1?
— 2K3"(0)[ = Ae(t) — F(£) + Fia(D)]

a n
— W ;” (S)[K 56) — Adelt) — F(&) + ()]

7m7

*

— yWTo(8) + p(t) (27)
where p(t) = (0€(5)/037) 87, + (1/4)]19€(5)/03]|* + (9e(5)/057)
[A7e(t) + f(§) — ja(t)] — ye(3). R

Since the optimal weight matrix W* is unknown, W is used

to estimate W*. And perform that optimal RL NN algorithm by
constructing the following critic and actor NN:

J3) = K312 + W] g(3) (28)
. 107¢(3) ~
Om = —Kss(t) — 3 % W(t) (29)

where] (5) represents an estimate of J*(s (5) and §,, represents an
estimate of 4 ; W and W represent the weight vectors of the
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critic and actor NN, respectively. The weight error is defined as

W, = W, — W*, (30)
W, = W, — W*. (31)

Substituting (28), (29) into (19) to obtain the approximate HJB
equation

H(, 8, W)

T (3)

s

< y 1 A 2
= [MQ) — yKIIKOI® + [ K3(0) + 5 = Wato)

oo AT & T
_ [21<§s(r) +— C(r)]

. 197p(8) . A .
< [i63t0)+ 5 Z8 N 0) — ity — e + i)

R S
— yWe(£)g(5). (32)
Bellman error is defined as
ec(t) = H(, 8m, W) — H(3, 8%, JF) = H(3, 8, W). (33)

Let E.(t) = (1/2)é2(t), then the critic NN updating law that
leads to the minimum Bellman error is designed as
W(t)
l dec(t
_ c e.(t) ‘ic( )
oW (t)

NG

= —HNW%){ OT(OWe(r) — [KZ = Q) + &I

A T A 2
- 2k O 40— 6) + o] + 5| -5 o]}

(
where I; > 0 is the learning rate of the critic NN; ¢(t)
—(09(3)/05") x [KsS(t) + (1/2)(3" 9(3)/85)Wa(t) — Afe(t) — (&
ia(t)] — ve.

And the updating law of actor NN is designed as

2o 199(3), dg(3) 8" p(5) »
Wa(t) —5 3§T S(t) - Ia 8§T 3§ Wa(t)
le 39(3) 0" (8) ~

Wa(t)pT (E)We(t)  (35)

A0t eor) o o

where I; > 0 is the learning rate of the actor NN.

Assumption 3 ([38] Persistent Excitation (PE)). There are constants
T >0,¢ >0,¢ > 0in the interval [t,t + T], for all ¢, if the
following inequality holds

t+T o
ol < / $(9)p (9109 < Bl (36)

then the signal ¢¢7 is said to be continuously excited in the
interval [t, t 4+ T], where I3 € R**3 is identity matrix.

Remark 4. The PE condition in Assumption 3 is to ensure sta-
ble control performance. In the proof of Theorem 2, there is a
Lyapunov function (B.1) containing the term (]/Z)WCT(t)WC(t). By
calculating the time derivative along the critic update law (34),
the term ¢(t)¢7(t) is obtained to occur until (B.5). Then, based
on the PE assumption, the inequality (B.6) is obtained, so that
Lemma 1 can be applied. Finally, the boundedness of the optimal
control is proved. An exploratory signal consisting of sine waves
of different frequencies can be added to the control input to
ensure PE qualitatively.

ISA Transactions xXx (XXxX) XxX
Remark 5. The HJB should satisfy H(S, 8,,, W) — H(5, 5, W) —
0 when the control system is optimal, ie. §,, — &. There-
fore, to ensure that the system can achieve the optimal, the
Bellman residual error of the critic NN is defined as e,(t) =
H(S, 8m, W), and the critic NN update law (34) is derived by

Ic OEc(t

) IREOIE awic((r))
ensure that H(S, §,,, W) — 0, that is, the system achieves the
optimal. The updated law of the actor NN (35) is then derived
based on the stability analysis.

calculating the negative gradient Wc(t) =

Considering Assumption 1, through the inverse transformation
and the design of an adaptive law for the unknown parameters
M, the desired control law 34, which acts on the system (1)
completely independent of the model information, is obtained as

84 = MR (1,)8m (37)

where M = diag(fi1, iz, fi133) represents the estimation of the
unknown parameter M, the adaptive law of m; is designed as

My = —W(Smisi + i), i=1,2,3 (38)

where ¥; and £2; are design constants. Then the estimation error
M = diag(myq, My, M33) of M is defined as

M=M-—M. (39)
Considering the input saturation (2), we define

AS =68 — 6. (40)
Then, the auxiliary system is defined as

2|7 a8 +3407 25 )
X248, it lixll =« (41)

0, if Ixll <«

—Kyx —

where K, > 0 is a constant matrix and « > 0 is a small constant.
Therefore, the final control law acting on the AUV system (1)

is given as

O =8a+x

137¢(5)

— _np—1 & _
— IR (nz)[Kss(t)—i-z - Wa(t)]—i-x. (42)

3.3. Main results

Theorem 2. Consider the AUV system (1) under Assumptions 1-
3, the critic NN (28), and the actor NN (29), the adaptive optimal
RL NN controller (42) has updating laws (10), (34), (35), (38) and
(41), with the bounded initial conditions, the system error signal is
SGUUB. The condition is that there is a positive definite matrix I”
which satisfies (13), and the parameters A and Bi—1 2 3 are properly
designed according to (15). And error signals ne, s, Wy, W, and M
converge to compact sets §21, §2,, §23, 24 and $2s, which are defined
as

21 = [ne € R'|llnell = max(v7T, V)] (43)

2, = {s e RY|s|| < ﬁ} (44)
3

25 = | e R Y omy 'y < 11 (45)
i=1

24 = [Wa e R |Wa < f:} (46)

25 = |We e R"|IWell < VE] (47)
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Fig. 2. Desired and actual trajectories of the AUV compared to L-ORL and B-ORL.
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Fig. 3. Tracking error of the AUV compared to L-ORL and B-ORL.

where IT = 2(¢ +V5(0)), & = 2(k+V1(0)). In addition, the selection
of the parameters A, K, K, I, and I. should satisfy

7 + 20% + || A3 5
A>T, K> +Q—+””F’ K, > =1,
) 2 2
D T 1 d9(3) 3T p(3)
L>P2+2wTw* > —su {W*T Ak d w*}.
TS <7 16 o 95T 0%

Proof. See Appendix B.
4. Numerical simulation

The specific parameters of the model are as follows: my; =
25.8, my; = 24.6612, m33 = 2.76, dy; = 0.7225 + 1.3274|v,| +
5.86641}3, dy = 0.8612+36.2823|vy|+8.05|v,|, d3 = —0.1079+
0.845|vy| + 3.45|v;|, d3; = —0.1052 — 5.0437|vy| — 0.13|v,],
d33 = 1.9-0.08|v,|+0.75|v,|, and d = [0, 0.01v2+0.5, —0.1v>+
sin(vy)]".

The desired tracking trajectory signal is nq4(t) = [t, 4sin(§),
artan(% cos(%))]". The initial position of the AUV is set to be 7o =
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Fig. 4. Tracking error derivative of the AUV compared to L-ORL and B-ORL.

[-2,5, —m/8]". The discount factor y = 0.6. The ESO gain f; =
diag(6, 6, 6), B, = diag(8, 8, 8), B3 = diag(16, 16, 16). The upper
limit of the control input is represented as 8,.x = [80, 80, 5]7.
The number of hidden neurons in the NNs is selected as 12, and
W(0) = [0.1,...,0.1]", W,(0) = [0.1,...,0.1]". The control
parameters are properly selected as: A = diag(1.2, 1.2, 1.2),
K, = diag(30,30,30), ¥; = 0.1, £; = 0.01, . = 0.1,
I, = 0.3, Ky = 6. In addition, we ensure continuous excitation
by adding the exploration signal n(t) = [0.3sin(8t)? cos(2t) +
0.35in(20t)? cos(7t), 0.2 sin(6t)? cos(4t) + 0.3 sin(12t)? cos(5t),
0.2 sin(8t)? cos(6t) + 0.1 sin(8t)? cos(3t)]” to the control input.

To illustrate the effectiveness of the proposed optimal RL
NN controller, we compared the proposed method with the
linearization-based optimal RL control method [15] (L-ORL) and
the backstepping-based optimal RL control method [21] (B-ORL)
for the same control input limits. The comparison tracking results
are shown in Fig. 2. The tracking errors for the three controllers
are shown in Fig. 3. The time response of the error derivative is
shown in Fig. 4. As can be seen in Figs. 3 and 4, since the proposed
control method considers both the error and the derivative of
the error, it reduces the error and the derivative of the error at
the same time, further reducing the fluctuation time of the error.
Therefore, it can be seen from Fig. 2 that the proposed control
method has a fast response time. Fig. 5 shows the integrated
tracking error z = ||7ex, Ney, Nez|l, and it can be intuitively seen
that the proposed optimal RL NN method has the advantage of
high tracking accuracy. Furthermore, to quantitatively evaluate
the tracking performance of different control methods, the steady
state Integral Absolute Error (IAE) criterion [39] is defined as
follows:

t

e = [ Ieto)ids (48)
to

where tp represents the adjustment times, T = 90 s is the

simulation times and t; < t < T. The IAE values of the three
controllers are given in Table 1. It can be seen that the perfor-
mance of the proposed optimal RL NN controller is significantly
improved compared to L-ORL and B-ORL, with IAE reductions of
approximately 44.6% and 255.4% for error 1n,y. Similarly, for that
error 7.y, the IAE is reduced by about 53.6% and 79.5%; About
241.8% and 17.4% reduction in IAE for error 7.

Fig. 6 shows the curve of the speed state and its desired value
over time, and it can be seen that the actual state can well
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Fig. 5. Comprehensive tracking error z.

Table 1
IAE values of the proposed scheme and other two controllers.
Method IAE
nx [m] Ny [m] 1, [rad]
The proposed scheme 1.547 1.169 0.2477
L-ORL 2.237 1.795 0.8466
B-ORL 5.498 2.098 0.2907
Table 2
IAE values of the proposed scheme and other two controllers with sensor noise.
Method IAE
nx [m] Ny [m] 1, [rad]
The proposed scheme 1.724 1.382 0.3429
L-ORL 2.389 1.991 0.8964
B-ORL 5.908 2411 0.3757

track the desired state. Fig. 7 shows the control input curve of
the proposed scheme. It can be seen that the proposed method
ensures the regular operation of the AUV when the control input
does not violate the constraint value in the initial stage when the
error is large. Fig. 8 shows the curves of the weight norms of the
actor and critic NNs varying with time, which shows that they are
bounded. Fig. 9 shows the cost function of the proposed scheme,
the cost function J*(S) can converge to a small value in about 3
seconds. The curve of the HJB equation H(S, 8,,, W) versus time
is given in Fig. 10, and it can be seen that it converges to zero,
indicating that the system is optimal.

Remark 6. To verify that if the cost function contains the error
derivative, the tracking performance will degrade when there is
significant noise in the sensor channel, we add noise to the state
n when 50 < t < 55 to do further simulation experiments. The
integrated error time response curves and IAE values of the three
control algorithms in the presence of sensor noise are given in
Fig. 11 and Table 2, respectively. It can be seen that the proposed
algorithm can still maintain better tracking performance than the
other two algorithms in the presence of noise.

5. Conclusion

An adaptive model-free optimal RL NN control scheme based
on filtering error is proposed for the trajectory tracking control
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Fig. 11. Comprehensive tracking error z with sensor noise.
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problem of AUV with input saturation and completely unknown
model information. The proposed performance index based on
the filtering error considers both the error and the error deriva-
tive, which not only simplifies the design of the controller, but
also speeds up the response of the system. In the controller de-
sign, the AUV model is transformed first, and then the optimal RL
NN control law is designed based on the transformed model using
actor-critic structure, in which actor NN and critic NN is used for
approximate control strategy and long-term performance index,
respectively. Then, to solve the model-dependent problem, an
ESO is designed to estimate the unknown nonlinear dynamics,
and an adaptive law is designed to estimate the unknown model
parameters. Furthermore, the input saturation problem is consid-
ered, and an auxiliary variable is designed to embed the control
law to deal with the control truncation, to ensure the regular
operation of the AUV. It is proved that the system error signal
is SGUUB. Finally, a simulation example is given to verify the
proposed control method.
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Appendix A. Proof of Theorem 1
To facilitate the proof, the following Lemma is provided.

Lemma 1 ([40]). For a continuous function V(t) > 0 (Vt € RY), if
V(0) is bounded and V(t) < —z,V(t)+2z,, where z;, z, are constants,
then have:

)

V(t) < e V(0) + =(1 — e @), (A1)

21
The Lyapunov function is chosen as follows:

Vo(X) = %Xfm?. (A2)

Based on (12), the time derivative of (A.2) can be expressed as
Vo(X) = %)?T(AF + FADX + X" I'Bf(€). (A.3)
Then, based on (A.3) can be further written as
VoR) < = SIRIZ+ IXTTBlly; <~ 1X17 + L0 + 2

== 0= IR + L4 = —hv )+
where
%
)Lmin(r_])

Considering about (14), h > 0. Based on Lemma 1, multiply
both sides of (A.4) by e to get

y
ne . BE T (A4)

%(Vo()? )e) < ve™. (A5)
Define ¢ = (U/h) and integrate (A.5) over [0, t], we have
ViX) < €+ [Vo(X(0)) — £1e™ < £+ V,(X(0))e ™

< €+ V,(X(0)). (A6)
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From (A.2) and (A.6), and let @ = 2[V,(X(0)) + ¢], we get

IX| < (A7)

A‘r"l(]X(I—')
then error signals X, X, and X3 are SGUUB.
Appendix B. Proof of Theorem 2

Remark 7. For the convenience of stability analysis, the constant
matrix Q = I is set, where I is the identity matrix.

Firstly, based on the transformed system (6), the boundedness
of the signals n.(t), 5(t), Wu(t) and W,(t) is proved. The Lyapunov
candidate function is selected as

1, T o 1o 1o
Vi(t) = S (Ome(t) + S5 (O(E) + S W (EWa(t) + 5 We (OW.(1).

(B.1)
The time derivative of V; is
Vi = i3 — Ane) + 5 (8 — Ane + F(§) + 6m — iia)
~ T 109B5)., | 99(5) 3Tp(3) »
T

= - w,

+ ”[2 P R T
le 99(3) 0" (8) ~

+ 41+ ||¢]2) 85T 33 Wae W‘]

B[6TWe - (K2 = 1+ v K132

2] } (B2)

~ l
_wlrhl_<
We : 1+ llglI?
8T<p(s
W,

a

— 2KST(— Afe

—fe) o+ 5|t o

Substituting (29) into (B.2) yields

Vi = — il Ane + 028 — 8" Ane — (K — DIIS1° +37f(&) — $Tijq
1..07¢(3) A
g v()Wa
2 ds
1-:000), = 100(5)07¢(s) ~
—wr -1 W,
+2”a§T EREET T T
I - 003 aTe(3) ~ o a
n c WaT (p.,(S) gav(S)Wa(PTWc
A1+ ol2) © osT a3
I
- W, — (K2 — 1+ yK)|I5|?
T c¢>[¢> — (K2 =1+ yK)I3]
— 258" (— Ane — F(&) + i)
11870@3) ~ |
+’H 40N ]

=~ Ane 4+ 18 — 5" Ane — (K5 — VISP 4 57f(£) — § g
150760) 0

as
aWT 8(p(§) 3T¢(§)W la

~ 7 00(3) 3T¢u(§)wa

1
2

l

270 98T s ¢ 270 95T 33
l *T8¢(§)8T¢(§)W*

2

a

T3 95T 85
! =1 09(5) 3T(8) » r e -

+ T W e e W TWe — s W

A1+p17) ¢ 95T a3 1+ gl
x [ ¢TW, — (K2 — 1+ yK)[3])?

2

— 2K i =)+ i)+ 2| L, ] (B.3)

Based on (27), the following relatlonshlp can be obtained

— (K2 — 1+ yK)I3I? — 2K58T (— Afe — F(£) + Tia)
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11 390) 8T<pu(§)w* 3
4 asT 05

1.~ 7 09(3) 3" (5)
- _ *WT a a W* _ TW
2 % 95T 35 ¢ +

(B.4)
Substituting (B.4) into (B.3), we obtain

1+||A||F

Vi < = hmin(A = Dlinell® — (K — 3 — IS

Toaoo 1.
—l—illf(-f)ll +5||7ld||

N S

3
le e 1 d9(3) 8T¢(§)
o (x _ 7Wﬁ«T WT W
1+ ||¢||2( 327 9T a8 W)W g"
o B\ ~100(5)070(3)
N (5 B §>W" asT 3% We
b g 298) 07903 Lo

2 o 0+ e’ B

Next, the inequality (B.5) can be rewritten as

. lq l 3‘ﬂ( )3 (P( 5) ~
— T — _—— =
Vi<—o Aw +B (2 2>Wa e PR

+(1+ 2

(B.6)
where

@ = [nL(6); $T(t); W) Wl ()]

A = diag([aq1, ay, A33, A44])

1 4 1 . I
= 5||f<s)||2 + f||nd||2 + o p°

214+ 11912)
lo . 00(3) 0T @(5)
+ (14+ = )W oFT 2% w*

and the parameters of matrix A are given as follows: a;; =
Damin(A = 1), 820 = [Ks — 3 — (1+ || Al})/2], ag3 = [la/2 = I£/2 —
(1/32Wpg™W*] x [09(3)/05|[070(3)/05], asa = [le/(1 +
||¢||2)]{lc/z (1/32)W*T[0¢(5)/93 ][aTw(é)/aé]W*}W. Select
the neural network learning rate to satisfy [, > l?, then we have
Vi < —w'Aw +B. (B.7)

Based on Assumption 3 of PE, the matrix A is guaranteed to
be positive definite by designing parameters A, I, l; and K; as
follows:

7+ A2
A1, 1<§>M, Iy lz+1¢:5W*TW*
1 3p(5) T (8
I > —sup{W*T (pv( ) QDV( )W*}.
t>0 asT 33
Then (B.6) can be written as
Vi< —a|w|*+b (B.8)

where @ = infi-o{Amin{A}}, b = sup=o{B}.
According to Lemma 1, we have

Vi(t) < e “Vvy(0) + g(l —e %)
<Vi(0)+e (B.9)

where ¢ = b/a, Vi(0) = (1/2) [ ni(0)(0) + 5(0)5(0)

+ W] (0)Wq(0) + W] (0)Wc(0) ]. Let & = 2(V;(0) + ¢), and then
we have
Inell < V&, I3l <vVE, IIWoll <VE, W <vVE

thus, the inequality (B.9) guarantees that the signals 7., §, W, W,
are SGUUB.
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Finally, based on the original system (1), the boundedness of
the error signals n,(t), s(t), x and M can be proved. The Lyapunov
candidate function is selected as

3
1 1 1 1 1y
—ni(E)ne(t) + isT(t)s(r)Jr ixTx +3 > my g

Va(t)
2 i=1

(B.10)
The time derivative of V; is
V, = 77:(5 — Ane)
+ s"[s — Ane + F(€) + Rn)M ™' (8c + A8) — iiq]
— x"Kyx —2|Is" A8

3
— 3487 A8 + 27 A8 + Y m i i
i=1
=—ng Ane +5s's +njs — s Ane + s F(§)
+ s"R(1 )M ~'MR ™ (0;)8m + S"R(n;)M ™' A8
+ TR )M ™'y — sTiia — x Ky x — 2| A8
—3A8TA8 +2x7AS

3 3

1 1 ~ A

- E My M;imiSi — E my §2imm;
i=1 i=1

= —neAne +s's+nls —s" Ane + s F(§)
107¢(3)
T -
sT(—KS — - —-~
+ 5 (=K 2 9%
+ sTRmIM 'y — sTiia — x Ky x = 2|s" A8
—3A8TA8 +2xTAS

Wo) + s"R(n, )M~ A8

3
1 _ - N
-3 E m; ! (M5 + mg — m3). (B.11)
=1

Note that

13
A2 a2 2
3 § imii 2i(mj + mj — mj
i1

3 3
1 P 1 _
== > " my i’ + 2 >~ m; ' 2m. (B.12)
i1 i1

Base on that properties of AUV model, we can define
IR(Y )M~ 1| 2 o, 0 > 0. Then, we have

+ |

. 1+ [|A2 1
Vy < = ni(A —Dne + sl + fFIISII2 + EIISII2

1
+ IFEI? = Kslisll* + EIISII2

99(3) 3" (3)
asT 93

1 1 1 .
+ EIIMII2 + EIIXII2 + EIISII2 + 7l = x Ky x

+ o%lIsI? + W] W,

1 1
+ EIISII2 +2[148)1* = 3114817 + 2l xII* + EIIMII2

3 3
1 -1 ~2 1 -1 2
5 > my ! it + 5 > my 2my
i=1 i=1

74 20% + || All?

< — Amin(A — I)”ne”Z — (Kz — )

)lis®

5
— Amin(Kyy — 51)||x||2

W 39(3) 3T (3)
4 3sT 35

Wq + [IF(E)II + Il

10
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3 3

1 a2, L 12

—3 Z my; - $2im;; + 5 Z my; - $2imy;.
i=1 i=1

According to the proof conclusion of the transformed system,
the inequality |W,|l < +/& is established. So there is a constant
¢ such that |W;|| < t. So (B.13) can be further written as
_ 7+20° + 141l

2

(B.13)

Vy < = hminfA = Dinell® — (K )lIs|?

5
— Amin(Ky — EI)IIX I?

209(8) 3T (3)
asT 33

+ IFEN? + Ilfjall?

3
1 _
+5 ; m; ' 2m? (B.14)
We rewrite (B.14) as follows
Vo < —u'Cu+D (B.15)

where
w= [nl(t); sT(e); xT

3

—1 2
§ :mii ‘leii]
i=1

C = diag([c11, €22, €33, Ca4])

5 00(5) 3T (3)

D= - =
‘ asT s

13
+IFE + gl + 5 D my 2m
i=1

and the parameters of matrix C are given as follows: ¢i; =
Amin(A—=1), €22 = Amin{Ks —[(84+20%+ | AlI7)/21}, €33 = Amin[Ky —
(5/2)11, c4q = (1/2) min{£2;} max{¥;}. Based on Assumption 2 of
PE, the matrix C is guaranteed to be positive definite by designing
parameters A, Ky and K, as follows:

7+ 20 + || A2 5
>Qf””F, K> 1.

Then (B.15) can be written as

A>1, K

V, < —cllul® +d (B.16)
where ¢ = infi>o{Amin{C}}, d = sup;>o{D}.
According to Lemma 1, we get
Vo(t) < e"“V5(0) + g(l —e )
<W(0)+¢ (B.17)

where ¢ = d/c, V5(0) = (1/2)[n} (0)1(0)+s"(0)s(0)+x (0)" x (0)+
o m; w7 m(0)2]. Let 1T = 2(V5(0) + ¢), and then we have

i=1

3
Inell < VI, lIsl < VT, lIx| < VI, Y mg'w 'l < 11

i=1
thus, the inequality (B.17) guarantees that the error signals 7, s,
and m;; are SGUUB.
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