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In this paper, we propose a robust self-triggered model predictive control (MPC) algorithm for constrained
discrete-time nonlinear systems subject to parametric uncertainties and disturbances. To fulfill robust
constraint satisfaction, we take advantage of the min-max MPC framework to consider the worst case of
all possible uncertainty realizations. In this framework, a novel cost function is designed based on which
a self-triggered strategy is introduced via optimization. The conditions on ensuring algorithm feasibility

and closed-loop stability are developed. In particular, we show that the closed-loop system is input-to-
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state practical stable (ISpS) in the attraction region at triggering time instants. In addition, we show that
the main feasibility and stability conditions reduce to a linear matrix inequality for linear case. Finally,
numerical simulations and comparison studies are performed to verify the proposed control strategy.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

In modern cyber-physical systems (CPSs) where control inputs
are generally transmitted via shared communication networks,
there is a desire to balance the closed-loop control performance
with the communication cost necessary to achieve this perfor-
mance. In conventional time-triggered control, the measurement
signal is sampled with a fixed time period, and the control signal
is calculated and implemented periodically without considering
dynamical characteristics of the system. This may result in greater
utilization of computation and communication resources than it
necessarily needs. To achieve a better trade-off between control
performance and communication cost in CPSs, event-triggered
control has been proposed in the literature, e.g. Heemels, Johans-
son, and Tabuada (2012) and Lucia, Kégel, Zometa, Quevedo, and
Findeisen (2016). It determines online when to communicate and
actuate by monitoring closed-loop system behaviors, leading to
possible aperiodic control with smaller average sampling rate.

* This work is supported in part by the National Nature Science Founda-
tion of China (NSFC) under Grants 61473225, 61502395 and 51279164; in part
by the Fundamental Research Funds for the Central Universities under Grant
3102016AXXX012; in part by Natural Science Foundation of Shaanxi Province under
grant 2017JM6058. The material in this paper was partially presented at the 2017
Chinese Control Conference (CCC), July 26-July 28, 2017, Dalian, China. This paper
was recommended for publication in revised form by Associate Editor Riccardo
Scattolini under the direction of Editor Ian R. Petersen.

* Corresponding author.

E-mail addresses: liuchangxin@mail.nwpu.edu.cn (C. Liu),
lihuiping@nwpu.edu.cn (H. Li), jilangao@nwpu.edu.cn (J. Gao),
xudm@nwpu.edu.cn (D. Xu).

https://doi.org/10.1016/j.automatica.2017.12.034
0005-1098/© 2018 Elsevier Ltd. All rights reserved.

Several results addressing aperiodic control have been reported
in the literature. For example, the controllers with aperiodic
scheduling of input execution have been examined in Eqtami,
Dimarogonas, and Kyriakopoulos (2010) and Tabuada (2007) for
undisturbed systems, and in Donkers and Heemels (2012), Hen-
ningsson, Johannesson, and Cervin (2008), Lunze and Lehmann
(2010) and Wang and Lemmon (2009) for disturbed systems.
Broadly speaking, these methods can be categorized into either
“event-triggered” or “self-triggered” schemes (Heemels et al.,
2012). Specifically, in event-triggered control, input signals are
computed and applied only when the error between actual and
predicted system states deviates away from a prescribed set, and
in self-triggered control the next triggering time is pre-computed
based on the knowledge of current system state and system dy-
namics. For a recent overview about control systems with ape-
riodic sampling, the interested reader is referred to Hetel et al.
(2017).

Itis well known that model predictive control (MPC)is currently
widely utilized in the industrial control systems and has greatly
increased profits in comparison with PID control. As communica-
tion and networks play more and more important roles in modern
society, there is a great trend to upgrade and transform traditional
industrial systems into CPSs, which naturally requires extending
conventional MPC to communication-efficient MPC to save net-
work resources. In this context, event-triggered MPC comes into
being and has received increasing attention recently.

In the literature, event-triggered MPC has been proposed for
undisturbed systems (Eqtami et al., 2010; Eqtami, Dimarogo-
nas, & Kyriakopoulos, 2011) and systems with additive distur-
bances (Brunner, Heemels, & Allgéwer, 2015; Hashimoto, Adachi, &
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Dimarogonas, 2015, 2017a; He & Shi, 2015; Li & Shi, 2014, Li, Yan,
Shi, & Wang, 2015; Liu, Gao, Li, & Xu, 2017), respectively. How-
ever, event-triggered MPC generally requires continuously sam-
pling system state and then checking triggering conditions, which
is not feasible for practical implementation. To overcome this
drawback, self-triggered MPC strategies have been proposed in Ay-
diner, Brunner, Heemels, and Allgéwer (2015), Barradas Berglind,
Gommans, and Heemels (2012), Brunner, Heemels, and Allgéwer
(2016), Gommans and Heemels (2015) and Hashimoto, Adachi,
and Dimarogonas (2017b), where Barradas Berglind et al. (2012)
and Gommans and Heemels (2015) deal with undisturbed systems
and Aydiner et al. (2015), Brunner et al. (2016) and Hashimoto et
al. (2017Db) treat systems subject to disturbances.

Self-triggered MPC for uncertain systems is of particular impor-
tance as uncertainties are not avoidable in practice, which is also
the focus of this paper. Among the results of aperiodic MPC, Eq-
tami et al. (2010, 2011), He and Shi (2015) and Li and Shi (2014)
use nominal models to formulate the optimization problems, the
stability is ensured by exploring the inherent robustness of MPC
and the original system constraints are tightened to achieve robust
constraint satisfaction. In these cases, the closed-loop stability is
usually established by exploiting the system inherent robustness.
Unfortunately, this method suffers from very small attraction re-
gions, especially for unstable linear systems and nonlinear systems
with relatively large Lipschitz constants, due to the constraint
tightening procedure. To enlarge attraction region, the authors
in Aydiner et al. (2015) and Brunner et al. (2016) recently inves-
tigated the robust self-triggered MPC problem for discrete-time
linear systems based on the idea of tube-based MPC (Farina &
Scattolini, 2012; Mayne, Seron, & Rakovic, 2005), where a pre-
stabilizing linear feedback controller is introduced into the predic-
tion model to attenuate disturbance impacts. In contrast to robust
self-triggered MPC using a nominal model, self-triggered MPC with
a tube-based strategy has less conservative tightened constraints,
therefore offering relatively large regions of attraction.

It is worth noting that the existing results of self-triggered
MPC might not be able to handle systems with generic parameter
uncertainties, though model uncertainties are almost unavoidable
in system modeling. Besides, enlarging the region of attraction is
always preferred for MPC design. Motivated by these facts, this
paper proposes a robust self-triggered min-max MPC approach to
constrained nonlinear systems with both parameter uncertainties
and disturbances, leading to an enlarged region of attraction in
comparison with Brunner et al. (2016).

The main contributions of this work are two-fold:

e A self-triggered min-max MPC algorithm is designed for
generic constrained nonlinear system with both parameter
uncertainties and disturbances. The designed algorithm is
proved to be recursively feasible and the closed-loop system
is input-to-state practical stable (ISpS) at triggering time
instants in its region of attraction. Compared with existing
self-triggered MPC strategies where nominal models are
used for prediction, we take advantage of the worst case
of all possible uncertainty realizations in the self-triggered
control, ensuring robust constraint satisfaction in presence
of parametric uncertainties and external disturbances.

e More specific results are developed for linear systems with
parameter uncertainties and external disturbances. In par-
ticular, we show that for linear systems with additive
disturbances, the approximate closed-loop prediction strat-
egy (Goulart, Kerrigan, & Alamo, 2009; Lazar, Mufioz de la
Pefia, Heemels & Alamo, 2008; Magni, Raimondo, & Scat-
tolini, 2006; Raimondo, Limon, Lazar, Magni, & Camacho,
2009) can be adopted to facilitate the self-triggered min-
max linear MPC design to yield an enlarged attraction re-
gion, the feasibility and stability conditions reduce to a
linear matrix inequality, which can be solved easily.

The notations adopted in this paper are as follows. Let R, and N
denote by the sets of real and non-negative integers, respectively.
R" denotes the Cartesian product R x R--- x R. We use the no-

—— ———

tations Rx¢, and R, ¢, to denote the sets {t € Rt > ¢} and
{t € Rlcy < t < ¢}, respectively, for some ¢; € R, ¢; € Rx,.
The notation || - || is used to denote an arbitrary p-norm. Given a
matrix S, S > 0(S < 0) means that the matrix is positive (negative)
definite. A scalar function « : Rs9 — Ry is of class K if it is
continuous, positive definite and strictly increasing. It belongs to
class K if @ € K and a(s) - 4+ocoass — +oo.Form,n € N.g,
Im»m denotes an identity matrix of size m and 0p,,, represents an
m x n matrix whose entries are zero.

2. Preliminaries and problem statement
2.1. Preliminaries

Consider the discrete-time perturbed nonlinear system given
by

Xep1 = (X, dp), (1)

where x, € R, d; = [w],v]]" € D C RY are the system

state, unknown time-varying model uncertainties, respectively, at
discrete time t € N. More specifically, w; € W C R" denotes
parametric uncertainties and v, € vV C RY stands for additive
disturbances. W and V are compact sets, and contain the origin in
their interiors. g : R" x R? — R" is a nonlinear function satisfying
£(0,0) = 0.

Definition 1 (RPI). A set §2 is a robust positively invariant (RPI) set
for the system (1) if g(x;, d;) € §2,Vx, € £2,d; € D.

Lemma 1( Lazar et al., 2008). Given an RPIset X with {0} C X for the
system (1), let V : R" — R be a function such that: (1) e1(||x]]) <
V(x) < aa(llxl)+71; (2) V(g(x, d))—V(x) < —as(lIx)+o(llvI)+T,
forallx € x,d = [w', v"] € D, where a1(s) £ as*, ax(s) £ bs*
and as(s) 2 cs* witha, b, c, 71, 72, A € Rogandc < b,and o isa
KC-function, then the system (1) is ISpS in X with respect to v.

2.2. Problem statement

Consider a discrete-time perturbed nonlinear system given by

Xep1 = f(Xe, ur, de), (2)

where x, € R, u; € R™ d, = [w],v]] € D C R? are the
system state, the control input, unknown, possibly time-varying
model uncertainties, respectively, at discrete time t € N. More
specifically, w € W C RY represents parametric uncertainties
and v; € V C R stands for additive disturbances. f : R" x R™ x
RY — R" is a nonlinear function satisfying f(0,0,0) = 0. It is
assumed that the system is subject to state and input constraints
given by x € X, u, € U, where X and U/ are compact sets
containing the origin in their interiors. W and V are compact sets,
and contain the origin in their interiors. We further assume that
the state is available as a measurement at any time instant.

The control objective of this paper is to design a self-triggered
MPC strategy to robustly asymptotically stabilize the system (2)
while satisfying the system constraints. Let the sequence {t;|k €
N} € N where ¢ > t; be the time instants when optimization
problem needs to be solved. In particular, the control law is of the
form

Ur = Xy, £ —te), t € Nigyq-115
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where 1 : R" x N — R™is a function, and {tx|[k € N} € N are
sampling instants that are determined by using a self-triggering
scheduler, i.e.

to=0, tir1 =t +H (x ), k €N,

where H* : R" — N is a function.

3. Robust self-triggered feedback min-max MPC
3.1. min-max optimization

For a given prediction horizon N € Ns; and H € Ny, the
cost function at time t, € N is formulated as jN (X, Wy N, iy N) =
ZH ! 1L(XJ tio Uj, tk)+ Zj =H L(XJ tio Uj, fk) + F(xn, fk) where g € Rxy
is a flxed constant, x; ;, denotes the predicted state for system (2)
at time j € Njpn—qj initialized at x = x,, with the control input
sequence uy y = (U, - - -, Uv—1,¢ ) and the disturbance sequence
dy v = (doyg,, - - -, dnv-1,4 ). We assume that L and F are continuous
functions. Specifically, the stage costis givenby L : R" xR™ — R
with L(0, 0) = 0, and the terminal cost is given by F : R" — Rs¢
with F(0) = 0. The decision variable u,, y is derived by solving the
following min-max optimization problem.

Vil (%) = min { max
U, ¢y €U,-...uy—1,4 €U Udg ¢y €D.,....dy 1 ¢ €D
1

H_
1
[Z EL(Xj'tk’ Ujg, )+ VN_H(XHJ,‘)} such that
j=0

XH,ty € AN-H, Vdo,[k eED,..., dH—l’fk € 'D},

s.t. X0t = Xp» X € X, ] S N[O,Hfﬂ,

Xit1,4 =Xt Ui divg ) J € NioH—115 (3)

where

Vi(Xi,p,) = min { max {L(Xi,tksui,tk)
Uj g €U di,rkED

Vit (g g dig))

such that f(x; ¢, , Ui g, dig,) € Xi—1, Vdiy, € D},

where i € Npjny_pgj and &; € X denotes the set of states that
can be robustly controlled into the terminal set X; in i steps by
using feedback laws. The optimization problem is defined fori =
1, ..., N with the boundary conditions: V(x) £ F(x), Xy £ A.
The optimal solution of optimization problem (3) is denoted
as “f,ﬁN = [ugytk, R u,’f,fu ], and the optimal predicted model
uncertainty is written asdy = [dg , . dy_1 4] In the sequel,

we particularly denote, for the optlmlzatlon problem in (3) with
B = land H = 1, the cost function by Jy(xy, uy N, ds n),
the corresponding optimal cost by Vy(x;, ), and the initial feasible
region by Ay.

Remark 1. It is worth noting that, we formulate a new cost
function ],{]’ (.) in min-max optimization in order to design a self-
triggered strategy. The solution of optimization problem in (3) is
a combination of a sequence of control values u t ,J € Npon-1

(generated by open -loop min-max strategy) and a sequence of
control policies u’ e J € Ny n—1) (generated by feedback min-max

strategy). This conﬁguratlon is necessarily formulated to facilitate
the self-triggered design as the state information is not available
to construct feedback laws during triggering time instants in self-
triggered control; it will reduce to the conventional one in standard
feedback min-max MPC by letting H = 1 and 8 = 1, and recovers
the standard open-loop min-max MPC framework (Lazar et al.,

2008; Magni et al., 2006; Raimondo et al., 2009) by setting H = N
and 8 = 1. Also note that the proposed optimization problem
can conveniently incorporate the sparsity of control inputs, u;,, =
O,j € N[]‘Hfﬂ Or Ujy = uO‘tk,j € N[],H—l] as in Brunner et al.
(2016), Barradas Berglind et al., (2012), Gommans and Heemels
(2015) and Aydiner et al. (2015), if necessary.

3.2, Self-triggering in optimization

At some sampling time instant t € N, the control input is
defined as

ST
Ll (xtk) £

where uj_ toter € Nigg,,—1) represents the optimal solution of
optlmlzatlon problem (3). It can be observed that the control input
u is open-loop for ¢ € Niy1,,-1) since it only depends on
the state at the last sampling time instant t;. The triggering time

instants are determined as follows:
tir1 = e+ H*(xq, ),
H*(th ) £

where Hpax € Ny nj denotes the maximal length of the open-loop
phase. The self-triggered min-max MPC strategy is formulated in
Algorithm 1.

*
U et te N[fk,fkﬂ—l]’ (4)

(5)
max{H € Np tma Vi (%) < Va(xe, )}

Algorithm 1 Self-triggered min-max MPC algorithm

Require: Prediction horizon N; design parameters 8 and Hpax.
1: Sett =ty =k =0;
2: while The control action is not stopped do
3:  Measure the current state x;, of system (2);
4:  Solve the optimization problems in (3) and (5), obtain u*(x;, )
and H*(x,);

5:  whilet <t +H*(x;) — 1do
6: Apply Ui_y, r, to the system;
7: Sett =t+1;

8: end while

9: Setk=k+1,t,=t;
10: end while

4. Analysis

By applying Algorithm 1 to system (2), the closed-loop system
becomes

Xer1 = f(xe, Ut 7dt) (6a)
ufT = utftk,[k’ t € N[tkv[k+1*]]’ (6b)
tir1 = te + H*(xg,). (6¢c)

Assumption 1. There exist a function «; : R" — R™ with
kf(0) = 0, a K-function o, and o, o5, ap, A € R with oy < o
such that: (1) &r € X and 0 e int(&}); (2) &; is an RPI set for
system (2) in closed-loop with u = «f(x); (3) L(x, u) > «x||* for
allx € X and u € U; (4) ag||x]|* < F(x) < ap|lx||* forallx € &;; (5)
F(f(x, ks(x), d)) — F(x) < —L(x, kr(x)) + o (]| v ||) forall x € xf and
deD.

Lemma 2. Forall X, € X; and any realization of the disturbances
d: € Dwitht € N, if Assumption 1 holds for system (2), then

m—1

=3 (W sy (%)) = & ve 1), (7)

t=0

where x, is derived by applying the local stabilizing law «; to system
(2), andm € N[l,NJ-

F(xm) — F(xo) <
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Proof. According to Assumption 1, there exists a feedback law «;
for system (2) such that

F(X¢41) — F(x¢) < —L(x¢, kp (%)) + o (Nl ve 1), (8)

for all x; € Xf. Since A} is an RPI set for system (2) in closed-loop
with k¢, by summing (8) fromt = Otot = m — 1, we obtain the
inequality (7). =

Lemma 3. For the optimization problem defined in (3),
vl\ll(xtk) = VN(th)' (9)

Proof. Without loss of generality, assume the solutions corre-
sponding to Vi(x,) are uy (Ug gs - Un—16 ) A N

[datk, el dnfuk]' Due to optimality, we have

1 1
V(%) < maxJy(xq, up v, dg )
dy N
1—

< maX]N(thv u:(k’N’ dtk,N) + 7L(x0.tk’ ué’[k)

dy N
1-8 N
= Vn(xq,) + TL(XO,tkv Uo,tk)-

Since L(xo,¢, , ugytk) > 0 and B € R-1, we can obtain the inequality
in(9). =

Theorem 1. For the perturbed nonlinear system (2) with xo € Xy,
suppose that Assumption 1 holds, then Algorithm 1 is recursively
feasible, system (2) in closed-loop with the self-triggered feedback
min-max MPC control (4) and (5) is ISpS with respect to v in Xy at
triggering time instants.

Proof. Please see Appendix.

Remark 2. Note that Theorem 1 investigates the stability of the
closed-loop system at triggering time instants. For system states
at time instants in between, one can ensure x; € X. However,
if the states in between are expected in a smaller set, one could
tighten the state constraints in (3) to achieve the goal, or if the
asymptotic stability of the closed-loop system is desired, one could
utilize the dual-mode strategy to satisfy the requirement. From
the derivations, we can see that there is a trade-off between the
frequency of optimization and the size of the convergence set
with respect to the control parameter 8. (This argument will be
elaborated by means of numerical simulations in the sequel.)

5. The case of linear systems with additive disturbances

Consider the following uncertain linear system

Xer1 = A(we )X + BlweJur + v, (10)

where the pair (A(w;), B(w;)) is assumed controllable for all w; €
W. In this case, the feedback control law can adopt the following
linear structure for prediction (Lofberg, 2003):

H
U, N 2 ¢, v+ Myvg N, (11)

where ¢, v = [Coy, - - -, CN_L[,{]T with c.;, € R™, v;, y denotes
disturbance sequence, and

0Hm><n Omen 0Hm><n 0Hm><n
MH,O e MH,H—l 0rn><n Omxn
My=| . . .
: : Omxn
Mn-1.0 Mn-1n-2  Omxn

with M € R™", Note that the disturbance parameterization min-
max MPC introduces conservatism, as the inputs to be optimized
are not completely free.

In what follows, we consider a particular case, namely, the
system matrices A and B are static and known, which is also the
system studied in Brunner et al. (2016).

Corollary 1. For the perturbed linear system (10) with fixed w, and
Xo € Xy, consider the stage cost L(x, u) = x'C"Cx + u'D"Du with
C'C = 0,D™D = 0,5(]| v ||) = yvTv with y € R.q, kp(x) = Kx
with K being a matrix, and the terminal cost F(x) = x'Px with
P > 0. If matrices Q, R, P and K are designed by solving the following
optimization problem

min y
P Onsn (P(A4+BK)T ¢cT K'D'
Onxn )’Inxn P Onxn Onxm
st.|P(A+BK) P P Onxn Onxm (12)
C OTIXYI Onxn ITlXﬂ Onxm
DI( Omxn OITIXH 0n1><n Imxm
> 0,

then Algorithm 1 is recursively feasible, and the system (10) in closed-
loop with the self-triggered min—-max MPC control (4) and (5) is ISpS
with respect to v in Ay.

Proof. Assumption 1-(3) and (4) hold since the quadratic cost
is used. By pre- and post-multiplying (12) by diag{I, I, P~1, 1,1}
and using the Schur complement lead to ((A + BK)x + v)TP((A +
BK)Xx + v) < x"Px — x"Qx — x"K"RKx + yvTv, implying the
satisfaction of Assumption 1-(5). A + BK being stable ensures
the existence of set ;. Therefore, Assumption 1-(1) and (2) hold
true. Furthermore, the corresponding RPI set Xy can be calculated
as Rakovi¢, Kerrigan, Kouramas, and Mayne (2005). The recursive
feasibility of Algorithm 1, stability of the closed-loop system can
be analogously analyzed as that in Theorem 1. B

Remark 3. In comparison with conventional min-max MPC,
Algorithm 1 might need less computational load. This is be-
cause, though the additional optimization problems (at most Hpax
quadratic programs) need to be solved at each triggering time
instant, the optimization frequency is greatly reduced due to the
triggering strategy. Also note that for linear case with quadratic
cost, the min-max optimization problem (3) can be solved as the
conventional min-max MPC in Goulart et al. (2009) and Lofberg
(2003).

6. Simulation and comparisons
Consider the discrete-time nonlinear system (Raimondo et al.,
2009) as follows
Xe+1(1) = x:(1) + Txe(2)
IT m— hT

Xe41(2) = — Ee"‘fmxt(l)—k m x:(2) (13)
T T T
+ —ur — —weX(2) + —v,
m m m

where the system parameters are given by: m = 1Kkg; | =
0.33N/m; h = 1.1 Ns/m; T = 0.4 s. The model uncertainties
are limited by —0.1 < w; < 0.1, —0.2 < v; < 0.4. The system
constraints are set as —4.5 N < u; < 45N, -2m < x(1) <
2 m. The prediction horizon is chosen as N = 5. Set Hpax = 4.
The cost function is set as L(x,u) = x'Qx + u'Ru with Q =
diag(0.64, 0.64), R = 1.By following the method for deriving min-
max MPC parameters developed in Raimondo et al. (2009), the
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0.8r
—+— Periodic
" —h— (=12
0.6 —0— 3=3.0
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t[s]
Fig. 1. Trajectories of system state x;.
0.41&
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0.2

xz[m/s]

—+— Periodic

-0.31 —h— (=12
—O— (=3.0
04 ‘ ‘ ‘ ‘ |
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t[s]

Fig. 2. Trajectories of system state x;.

local stabilizing law and terminal stage cost are derived as k¢(x) =

. 4.5678 3.2018
[~0.7797 — 1.1029] x, F(x) = *TPx with P = [$308 33%50].

respectively. The terminal region is numerically chosen as &y =
{x : x"Px < 3.8}. The policies u(x) = aks(x)+ b(x? 4+ x3) + ¢, where
a,b,c € R, are used for prediction from the prediction horizon
N — H to N. The initial state is given by xo = [0.5, 0.4].

The simulation is conducted by following the self-triggered
min-max MPC Algorithm 1, where the MATLAB subroutine
fminimax is employed to solve constrained min-max optimiza-
tion problems. We consider two configurations in the simulation,
thatis, 8 = 1.2 and 8 = 3. Besides, the periodic min-max robust
MPC is also executed in the simulation with the same system
parameters. In the simulation, the chosen trajectories of uncer-
tainties are plotted in Fig. 4. The results are reported as follows.
Figs. 1-2 show the evolutions of system states, and Fig. 3 depicts
the control input. To further illustrate the difference of control

. erzi"‘_]xIQx[+u}-Ru[
performance, the performance indices J, = ==0——-+— o and
the average sampling instants are presented in Table 1, where Ty,
is the simulation time. It can be observed from Table 1 that the self-
triggered min-max MPC strategy reduces the computation load
while achieves comparable control performance as the periodic

021

-0.8 —+— Periodic
¢ —h— =12
—0— 5=3.0
A | | | ‘ |
0 5 10 15 20 25

t[s]
Fig. 3. Trajectories of control input u.

0.1

noise
o

-0.05

0 5 10 15 20 25
i[s]

Fig. 4. Trajectories of disturbances.

Table 1
Performance comparison.
Average sampling time I
Periodic 1.0000 0.0477
B=12 1.2000 0.0519
B =30 3.3333 0.0560

one. It can also be seen that the proposed self-triggered strategy
is feasible and the closed-loop system is stable, and with a larger
B, the controller has not only a lower optimization frequency but
also a larger convergence set.

7. Conclusion

We have studied the robust self-triggered min-max MPC prob-
lem for constrained uncertain discrete-time nonlinear systems. A
self-triggered control scheduler has been proposed to maximize
the inter-sampling time of feedback min-max MPC, and the algo-
rithm feasibility and closed-loop ISpS at triggering time instants
have been proved. Numerical simulations and comparison studies
have verified the effectiveness and advantages of the proposed
results.
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Appendix. Proof of Theorem 1

Without loss of generality, we assume that x, = X, € Ay
and the calculated span of open-loop phase is H*(x,) at time .
Due to Assumption 1-2, a vector of feedback control polices can be
constructed as a feasible solution for the optimization problem (3)
at time ¢y as follows

* *
(uH*(xtk),tk’ T uN—l,rk’ Kf(xN,tk)’

(A1)
s K (XN H ) 1.8)s

implying that &y is an RPI set for system (2) in closed-loop with the
proposed self-triggered min-max MPC law. Note that each element
of the vectorin (A.1) is a feedback law, i.e., its value depends on the
actual disturbance realization.

From the definition of the optimization problem (3), for all x,, €
Ay we have

H*(xt,) H*(xt,)

VN (th) = -]N (th» ll;kkyN, dtk )

Xt,) o] A
> ming, N]N F(Xes U N, 0) > E”th” :
For all x;, € Xy, we consider
‘l ~
TN e Ugen1, dengr) = (= Fxngg,) + FXna,g)

+ L(XN,tk7 Kf(xN,tk))) +.][;11(th7 ll;kkyN, dtk,N)»

where U, n41 = [utk ~» (XN, )]. By application of point 5 of
Assumption 1 and sub-optimality of the control input sequence

Ug, N-+H*(xy,)» it fOllows, for all x;, € A,

1 1 ~
VN+1(ka) = dmaX (]N+1(ka’ Uy N+1, dfk,N+1))
tg N+1

< Vylxy) + maxa (| v |).
Analogously, we have

Vi) < V() + (N — 1)maxa(fl v )

IA

1—
Flo) -+ N maxa(l v 1)+ 2L, 001)

IA

ar [1xg 1" + Nmaxo(]l v ) (A2)
forallx,, € A;.Recalling the triggering mechanismin (5), it follows
Vi (x,,) < arlxg |l + Nmax,a (|| v |), forall x, € Xp.Forx, €
Xy \ &, one can establish the upper bound of V,’\f (x4, ) by following
the idea in Limon, Alamo, Salas, and Camacho (2006) (Lemma 1)
as follows. Define a set B, = {x € R"| || x ||< r} € Af, where
r > 0. Following the compactness of X, ¢/, W and V, there always
exists a ﬁnite]N > 0such that Vf{(x,) < Jy forall x, € Xy.Define

0 = max(ap, ). It follows V”(xtk) < 0||xtk||A + Nmax,a (]| v ||)
forallx,, € XN

From the triggering mechanism in (5), we have

H¥ (1) H*(x)
Vi ! (X1 ) — Vy « (%¢,)

1 H (X[
VN(xtk+]) k ( [k)
<V(x,,,)— max

N3 et dO,tkEDw~adH—1,tk€D

H*(xq )—

Z 1

L(X 1> 54, )+ VN hsxg ) (X0}

j=0
= VN(xfk+1) - VN—H*(th)(kaH)
H¥ (g )-1
— Z —L(Xg 4 u;f[k), VX, € Xn. (A3)
Jj=0 p

By using Lemma 2 and an analogous reasoning as in (A.2), one can
get
(A.4)

N (Xe1) = Vn—hsg (X ) < HY (g ) maxa(f] v ),

forx,, , € Xnv- —H*(xg,)
(A.3), we have

)- Considering Lemma 3 and plugging (A.4) into

H*(x,, ;) H*(xy,)
Ve ) =V (k)
H*(xq )—1
< - BL(X[,(H, W)+ H (xg )maxa (] v )
j=0

1 —_
< - Ealllxtk I + H (xg ) maxa (]| v [1), Vxy, € X

By now, we have shown that V,I: *(xt")(xtk) is an ISpS Lyapunov
function at triggering time instants. With the aid of Lemma 1, we
can conclude that the closed-loop system (6) is ISpS in &y with
respect to v at triggering time instants. B
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