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VI. CONCLUSION [21] J. B. Rosen, “Existence and uniqueness of equilibrium points for
oncaveN -person games Econometricavol. 33, no. 3, pp. 520-534,

c
We have studied the problem of static competitive routing to parallel 1965.

queues with polynomial link holding costs. We have established th¢22] Traffic Assignment Manual964. US Bureau of Public Roads. ‘

uniqueness of the NE for a general topology with the BPR cost [22] ant®3] J. G. Wardrop, “Some theoretical aspects of road traffic research,” in

have obtained a simple relationship with the globally optimal solution.

Proc. Inst. Civ. Eng.vol. 1, 1952, pp. 325-378.

We have further obtained some explicit results for the special case of
affine link costs.

The results of this note should prove useful for the analysis of net-
works with source-determined routing, when the link cost functions can

be approximated by polynomial (and in particular affine) costs of the
type considered here. The fact that the NE was shown to be efficient
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state predictor inside a Smith controller have been discussed and
a closed-loop implementation is proposed. In [14], [16] the Smith
approach is extended for closed-loop control of nonlinear systems
with delayed input. As in the case of linear systems the state prediction
is obtained by an open-loop algorithm, so that the accuracy of the
predicted state is not guaranteed for unstable systems.

The issue of state reconstruction of the present state in the pres-
ence of time delays in the system equation and/or in the measurement

process is receiving increasing attention. This problem is not only inter-
esting for the control, but also for the supervision and real-time moni-
toring of systems. In [1], [2], and [12], the problem of state observation
for systems with delay only in the state equation is considered. In [15],

the same problem is solved for nonlinear systems with delays also iny(¥) =

the output which are linearizable by additive output injection. In [10]
and [11] some results on the state prediction for nonlinear systems with
small output delay are reported.

This note presents a solution for the problem of state observation in

nonlinear systems with delayed output measurements. The proposed

observation algorithm, which has an interesting chain structure (Chain

Observer), is based on the theory of state observers for systems W|thout

output delay presented in [6]. It is shown that, under suitable assump
tions, for delays of any size there exists an observer of suitable dimen-

sion achieving exponential error decay. It should be stressed that the
W (=1 u)— B (2 )] < -

class of nonlinear systems considered in this note does not allow,
general, a linear representation.

A, =

Co =1

97

where matrice$A,., B,., C,) define a Brunowski triple

0(71*1))(1 I, 1 B. — O(n—l)xl
0 Oiscnety] = " 1 '

()1><(71—1)]' (7)

Under assumptioi; the mapz = ®(z) defines a global
change of coordinates. Differentiatingt) = ®(x(t)) w.r.t.
time and using properties (6) the system equations@o-
ordinates are obtained

(b)) = Anz(t) + H(z(t),u(t)), > —A, z(—=A)=d(z)
Chz(t—A), t>0 (8)
where
‘FI(Zﬂu) = H(‘E* LL) |a;:<I>*1(:)
H(z,u) = B,L{h(x) + Q(x)g(x)u. 9)

Also, the following assumptions will be needed in this note.
The vector functionH ( z, ) defined in (9) is globally uni-
formly Lipschitz with respect ta, and the Lipschitz coeffi-
cient~z is a non decreasing function pf|, i.e.,

Vi (JuDl|z1— 22|, Vz1,22 € IR™. (10)

H3) Thetriple(f(x), g(x), h(x)) of system (1)—(2) has uniform
Il. PRELIMINARIES observation relative degree equalitpaccording to the def-
This note considers nonlinear systems of the type inition given in [6], i.e., is such that
i(t) = fa() + g(a®)u(t) t> A, 2(-A)=F (1) Ve €R" LyLjh(x) =0, k=0.1....n=2,
n n—1
§(t) = h(z(t—A)) t>0 ) Jr e R LyL%™ "h(x) # 0. (11)

whereA > 0 is the measurement delay(t) € IR™,u(t) € IR, the
vector functionsf, g andh areC*. The outpufj(¢) € IR is a function
of the stater at timet — A. Lety(t) = h(x(t)) denote the undelayed
output. It is useful to define the square mag- ®(x) where

®(x) = [h(x) Lsh(x)

Ly h(a)]" @) /

The following Lemma is needed (the proof is reported in
Appendix).

Lemma 2: Consider a functios(t) > 0,¢ € [—§, +o0), with & >
0, such that

t
s(T)dr < 400,  s(t) < pe " + 'y/ s(rydr, t>0
; t—s

(L’ (=) denotes thé-th order repeated Lie derivative of the function (12)
wherea, v, ;¢ are positive real.
h-along f; see [13]). If v6 < 1 then there exist a positive < & such that
Definition 1: The system (1)—(2) is said to lggobally drift-observ- P =
ableif the f_unction: = (z)isa diffeomorphism in aI]R”._ . s(t) < ™™, >0 (13)
The main assumption needed in the note for the derivation of the
observer is the following. where
H,) System (1)—(2) is globally drift-observable, and the diffeo- b 0 _
morphismz = &(z) and its inverse: = & *(z) are glob- a= c <u +'>"/ s(T)dT> . =™ 1)< 1. (14)
ally uniformly Lipschitz inIR™, i.e., l-ec -5 @
d(x _¢Z <~ xry — r2|l, V ,',QE]RJU
ey = @lr)l S safls = ol Vo § lll. THE CHAIN OBSERVER
12" (21) =@ " (22)l| S vp-1llza — 22fl,  Vzi.22 € RT. (4) _
In [6], the authors presented the following observer for undelayed
Under the assumptioff; the Jacobian of the map(x), nonlinear system:
denoted)(x), and the Jacobian of the inverse map are non- , » y L ) R
singular in allR": () = f2(1) + g(2()u(t) + Q (1)) K (y(t) — h(E(2))).
A®(x) 0D '(2) (13)
x) = —, - =Q Y(a). 5
@) oz 9z |._aqm @ (@) ®) The exponential convergence to zero of the observation error is ex-
pressed as
From definition (3) of®, the following properties are ob-
tained: (1) = (0| < pe™"[|2(0) = 2(0)|. t>0  (16)
Q(z)f(x) = An®(x) + B, Lih(x), h(x)=C,®(x) (6) andisguaranteed by the following theorems (see [6]).
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Theorem 3: Consider system (1) with undelayed outpt) = for a suitablep. Conditions must be found to ensure exponen-
h(x(t)) under assumption8,, H-. Then, for any positive there exist tial convergence of the variable$;(¢) to the delayed states
a gain vectoty for the observer (15) and positive constgm@ndu,s — x(t — A + jA/m),j = 1,...,m — 1, and in particular of,,,(¢) to

such that iffu(¢)| < was for¢ > 0, then (16) holds. the undelayed state(t).

Theorem 4: Consider system (1) with undelayed output) = An expression of the observer (18)4rcoordinates is needed first.
h(z(t)), under assumption, H,, H3. Assume that there exists, Lemma 6: The observer (18) after the change of coordinédtes
such thatu(¢)| < war, fort > 0. Then, for any positiver there exists ®(&;), forj = 0,1,...,m, is as follows:

a gain vector” for the observer (15) and a constansuch that (16)
holds. Z0(t) = AnZo(t) + H(Zo(t) uo(t) + K (5(t) — Cno (1)),

Remark 5: In Theorems 3 and 4 the convergence of the observer t>0
(15) is proven without the assumption ohiform observability[8], P = 6,471%,2__1 (t)
that is a much stronger assumption thdrift-observability (in uni- ! L
formly observable systems all states are distinguishable independently + / Tz () ug(r))dr, j=1,...,m,
of input). On the other hand sonaepriori limitation on the input is —%
required. Theorem 4 states that if assumptifins H-, Hs hold, then, 20(0) = ®(#(=A)),

for any givena priori boundw ;s on the input, an observer with any . j A
prescribed exponential convergence ratean be found. If only as- i) =@ -A+ Em)’ TE {_E’O} ‘
sumptionsH; and H> hold, as in Theorem 3, then the existence of j=1,....,m (21)
an exponential observer is guaranteed if the input amplitude satisfies
an upper bound (depending on the prescribed convergence,raé® whereA,,, C, are the Brunowsky matrices defined in (7).
[6]). This happens because assumptidn (observation relative de- Proof: Differentiation of2,(t) = ®(&o(t)) w.r.t. time gives the
gree equal ta) implies uniform observability. For systems that do nofirst of (21). Differentiation ofz;(t) = ®(#;(¢)) forj = 1,...,m,
satisfy assumptiofi/; a condition excludindpad inputgthose that de- taking into account the second of (18) in whigh(t) = &~ ( J(t))
stroy observability) is needed. The bound on the input amplitude giviensubstituted, gives
by Theorem 3 is sufficient to exclude such bad inputs. . ] N N

The observer for nonlinear systems with delayed output is based on ~ 2;(t) = A, 2;(t) + H(fj(t) a(t)) + e md K (g(t)
the observer (15), and is composed by a set ef 1 linked systems of

delay differential equations (Chain Observer), each one of dimension — Cho(t)) + Z An (=) <f[( (1), ui (1))

n, wherem is a positive integer to be suitably chosen on the basis of =

the size of the delay and of the Lipschitz constants of the system. In i <~ <t B ﬁ) " (ﬂ)) 22)
the Chain Observer, the following notation is used to represent delayed s !

state and input: - - . L
P Now itis sufficient to show that differentiation of the second of (21), for

vi(t) =« (t A+ %A) Lt _7A j=1,...,m,gives bac_k the expression (22) @r(t). Differentiation
" m of the second of (21) gives
'uyj(t):u(t—A—l— #A), j=0,...,m. @7 a.
f(f): ,A”W:E’, t)
The proposed Chain Observer for system (1), (2) has the followin]g ‘ ﬂ 3 N .
structure: + A, / e U H(2(7),uj (7)) dr + H(2;(t), uj(t))
— A
do(t) = ) + g(&o(t))uo(t - : /
fo(t) = f(Eo(0) + 9(o(D)uo(?) bR <:j <t_é>,u], <t_é>). (23)
+Q (@ () K ((t) - }l(’l‘o(t))) m m
2j(t) = f(@; (1) + g(&;())u(t) + Q7 ( ( ) Substitution of the integral in (23) with the differencg(t) —

AN .
efnm 2, (1), gives

Ay
/77"m,

K (y(t) - h(lr)(f)))-l—z eAn =i
= ;A’](t) = ,-1774](1' ( (2«.) u7(f))

. <H(fi(t),'Ui(t)) - H <’“%7:+1 <t - é) Ui (t)> } e () — Awgia ()
s (s A A
j=1,....m, t>0. (18) - H ZJ( —;)ﬂu; <f—;)>- (24)

A
m

SID

The matrixA4,, is the Brunowsky matrix defined in (7). The initial con-

A »
ditions are dding and subtracting™

ranging yields

H(%;-1(t),uj—1(t)) to (24) and rear-

#0(0) = #(=A)

i 2i(t) = An 2 (1) 4+ H(%;(t).u;(t))
:if(T) =2 <T -A+ _‘A> +€A %(:J 1(t) ‘FLIIZJ l( ) g(”} l( ) uj—l(t)))
re[-2,0], j=12....m (19) +etnm <H(2J-_l(t),u,'_1(t))

wherei(r),7 € [—A,0], is anya priori estimate of the state. The _ /. A A
variable: LJ( ) is an estimate of the delayed statg — A + jA/m), - H <31 <t - ;) S <t - E))) :
denoted also as;(t). Under the assumptions of Theorem 3, or of The-

orem 4, it is established that for anya gain/ can be found such that Now, defining the variable;(t), for j = 0,1,...,m, as

(25)

ot = A) = do (Ol < jre™la(=2) — 30 (0] (20) 558 = 5500 = Ausi(h) = B, u,(h). (26)
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Equation (25) can be rewritten in a difference form, foe 1,...,m, Inorder to also satisfy (31), letas = min{aas, aar}. (If, besides as-

as sumptionsH, H», also assumptio#s is satisfied, then taking,, =
s a suitable choice foR™ in (18) allows to satisfy (36) for the given
Ap 2 A A s )
si(t)=e " mms;_1(t) e - <H(zj',1(t),u]',1(t)) a.)

From (8) and (21), it follows, foj = 1,...,m

- H <"J <t - %> " <t - %>>> - @D e-j(t) = 6‘471%6"’]‘71(1") * /L[—

From the first of (21), the following expression fey(t) is obtained:

6/1”(1571')([;[(2]-(7—), u; (7))

— f{(ﬁj(T),u]'(T)))dT. (37)

A
™

So(t) = K(ﬂ(t) — Cnf()(i')). (28) N
By assumptionfl» and sincelu(t)| < war, we have||H (zj,u) —
Using a standard equation for discrete time systems, the following#&z;, u)|| < vz (war)|le= ;]|, so that

obtained: R
A éj ||€Z‘J(t) €A71RH ||6 z,7— 1(t)||
S; (f) =ec "m’'sg (f) )
=4 AGoicn) And [ 5o. +W"H(“M)/ ‘6471(1 N Jles i ()] dr
=+ Ze n oy U ednm . <H(zi(t),ui(t)) t7%

A
< letnm

(2 (2))) Sl
H / le-s()lldr. (38)

Substituting the expressions ©f ands, in (29) yields

. . AL Now, the following implication is proven:
40 = Aa0) + HC0), uj (1) + e RIK (5(1) gime P
iy >0 [les 1 (D < frjmr e ™
e +Z A=) | < o) @fm1 > 0 fles (O] < v ™)
= (Fji; > 0 le- (Ol < ™). (39)

- <5i+1 <f _ é) JUig1 <f _ é))) . (30) This res_ult i_s optained by considering inequality (38) that, if the first
m m term of implication (39) holds, becomes
Recalling thatu; (t) = u;+1(t — (A/m)), equality between expres-
sions (30) and (22) is proven. [ | lle-
Theorem 7: For system (1), (2), assume that hypothe#gs H-

—at

(,An% cfi_1 e
Hi—1¢€

are satisfied. Take a positive-real; and an integem such that the + i (war) e H / lle=.; ()l d7.(40)
Lipschitz coefficient of the functiorfl (=, «) defined in (9) and the
delayA are such that The second term of implication (39) holds thanks to Lemma 2, with
o ( Ané A u%
)’H(UM) e E < 1. (31) jij = f_ - CAn%H </~l,]'_1 + A},,H(”M)
Then there exist a positive, a positiveu,; < @, and a gain vector o
K for the observer (18) such that|if(t)| < was fort > —A, then % / lle-; (Dl dT) ,  where
_A
a(t) = Em(t)]] < ve ! "
l(t) = 2 (1)) < ve (32) R

Ay

- . c =g (i) |le <L (41)
wherer depends on the estimation errofinA, 0] as follows: &

0 Considering that, from (36)
v=wv|z(—A) = 2(=A)|| + vz / |a(r) — &(7)||dr  (33) R

-a lle=o(®)[l < froe (42)
in which v, andv, are suitable positive constants.

. whereo = polle- 0 (0)]], from implication (39) it follows that:
If also assumptiorHs holds, then the bound; on |u(t)| can be o = polle-.o (O] P (39)

chosen equal t@ ., given by (31). llezm (O < fim e (43)
Proof: Assumption (31) and Lemma 2 allow to choose a positive ’ -
« that solves Using (43) the following expression far,, is obtained:
(}A _ - m
e () efn ol [ a ! < 1. (34) fm = A ,U01||€z o(0)]|
Denote the observation errorsircoordinates as + Z A" “/n(lw)/ ex ()|l dr,
e.;(t)=z;(t) — (), j=0,....m. (35)

(,/A
(&4 m.

where\ =
1—-c¢

p“%H > 1. (44)
Under assumptiond;, H2, Theorem 3 guarantees that for the chosen
« there exists a constafit,; and a gain/’ to be put in (18) such that, Inequality (43) proves exponential convergence to zero of the observa-
if |u(t)| < @, then for a suitable, we have tion error inz-coordinates. From assumptify , it follows:

lle=a(Il < poe™ le=a(0)[l. ¢ > 0. (36) (1) = &m (D] < D™ (45)
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with

7= Yeret <x”m||w<—m — a0l

m . 0
o oam [ ||'r.f<r>—f.j<r>||dr>. (46)
)

Now define

v =03 (polle(=2) - 3=

+ gm0 [ NEGRES] dr) . @7)

Recalling the observer initialization (19) and the definitiof(t) = 2 T T ! ! J
z(t — A+ (j/m)A), noting also that sinca > 1 then also\™ > 15F------ (AR SN R e R R i
A™~J it follows thaty > 7. From this and from (46), inequality (32) ; : ;
follows with:

i =ve%e-1A "o, v2 = veve-1 A" yg(un)  (48) a A A W Y

and the thesis is proven. ] o] Eelaieied sk el ' ol Bl '
Remark 8: The choice ofm depends essentially on the product  -1}----- R e R (R it RREEEE
vg(ua)A, as it is seen in condition (31) of Theorem 7, which can : | '
always be satisfied for a sufficiently large integer This means that
for a given system, with a givea priori bound on the input ampli- !
tude (i.e.,v; (ax ) is given), the greater is the size of the delay 257 é,
the larger must be the number of rings in the Chain Observer (18) that
ensure exponential convergence. It can be easily shown that althorgh 1. True and estimated states for= 1.3 andm = 1.
the size of the delay can be reduced by a suitable time-scaling, this

JEPUEY RPN K

P NN P

NF---
'S

»
wf--
-

o

-

N

reduction occurs at the expenses of the Lipschitz constalitias ): 15 T T T T T T

the producty;; (@ )A can be proven to be invariant with respect to ! : ! : : :
time-scaling. The meaning of the produgt (axs)A is intuitively un- T X T T Y AR Y A

derstood looking at inequality (38), with = 1: such a product gives a N ; : : : ;
gross bound on the propagation of the prediction erreréoordinates 0.8 === =rhp - - -4 A AR N A

from timet — A to timet. o ! ! i : !
IV. EXAMPLE A R U __ “‘é ______ i_______g ______ 1 _____ H

As a simple example, consider the following nonlinear system with : : \ : : ‘
delayed measurements: S I s/ Aot sty NS NS
71(t) = c1w2() 155 E:l é ; 1:5 E:l 1:3 12

Z2(t) = cow1(t) + czwr (B)a2(t) + caw (t)u(t)
gt) =a1(t — A) (49) 2
with all ¢; # 0. Inthis example the observation relative degree-is 2. sr : S e e
The map® defined in (3) and the observability matrix are given by Th------ ry X : i Wi iaiiieialr's Sl Wy
05f------
_ _ T ; _ 1 0
s=a@=| " | ew=y 0] SRS 0N WO A 00 W A 5

The simulations here reported are made with= ¢c3 = ¢4 = 1,¢2 = R : . : FER W A I A
—2. Both eigenvalues of matrid. — K> have been chosen equal L 0 Wt et el el i At R £ e
to —1. The input isu(#) = 0.1sin(0.1¢). First, the observer (18) is  .15}-+t -2}t (R (I WY , _____________

applied withm = 1. The initial conditions for the system and for the S A NS N ]

observer have been chosen as : H :
25 L L

2(=A) = {_11} #0(0) = {8} 2 0 2 2

M f---
@
-
ofF---
-
N

Fig. 2. True and estimated states for= 1.7 andm = 2.

i(r) = m r € [-A.0]. (50)
simulation withA = 1.3. For larger delays the observer output does

Simulations have been performed increasing the size of the outpot converge to the true state: it is necessary to increagimulations

delay. As a result, the observation algorithm performs well whdrave shown that withn = 2 the Chain Observer performs well for

A < 1.3. Fig. 1 reports the true states and the observed states idedays up toA = 1.7. Fig. 2 reports the true and observed states for
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A = 1.7. Larger delays require a larger, that means a longer chain Sincec < 1, the limit fork — oo of the right-hand term of (A.6) exists

of observers.

V. CONCLUSION

This note presents an algorithm that solves the problem of state Recalling the expression (A.2) far, the thesis (13) follows.

construction for nonlinear systems when the output measurements are
available after a nonnegligible delay. The algorithm is composed by
observers in a chained form, each one estimating the state at a giveH]
fraction of the output delay. The last observer of the chain estimates
the present state. Exponential convergence of the estimate is ensured if
the integem is sufficiently large. Computer simulations show a good [2]
performance of the observer.

(3]
APPENDIX
Proof of Lemma 2:The assumption$é < 1 guarantees the exis- 4]
tence of a realv € (0, @] such that the constantdefined in (14) is
strictly less than 1 (this happens because the fun¢tith — 1) /() 5]

is monotone and increases from Itoasa goes from 0 taxo).

Sincea < & the second of inequalities (12) can be written with the [6]
substitution ofx with «, and from this the following inequality can be
derived:

(7]
C _at "t (8]
s(t) < e + fy/ s(t)dr, t>0 (A1)
max{0,(t—6)}
[9]
where
. ws -0 [10]
a=e" <;L—|—7/ s(T)dT). (A.2)
-5
[11]
Now consider inequality (A.1) and substitutér) with the inequality
itself. We obtain the following:
[12]
—atyt
s(t) < jie ™" + fiy {e } [13]
O L max{o,(t—8)} [14]
) "t ty
+ / / 8('['2) dts dty (A3) [15]
max{0,(t—8)} Yymax{0,(t;—6)}
and from this
[16]
P e 1\ _.
s(t) < jie “’—l—ﬁq/( )(’ o
[17]
ot "ty
++7 / / s(te) dta dt. (A4)
max{0,(t—68)} Ymax{0,(t;—6)} [18]
Recall that: = ~(e™® — 1)/«. Iterated substitution of (A.1) in (A.4) [19]

gives the sequence of inequalities

k
S(t) S Zchﬁ(f_mt‘i")"k-i_]

h=0
/.
max{0,(ty—5)}

/.
max{0,(t—é&)}

From (A.1), using Gronwall's lemma, the bounft) < jie™, ¢ > 0,
is obtained. Using this bound in (A.5) it follows:

S(tk+1)dtk+1 coudty. (A5)

k

s(t) < Z chﬁefat +

h=0

(yt)*+

k+1)°

At~

k=0,1,.... (A6)

and is given by

at

s(t) < 7 ! jle” (A.7)

—c
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