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Abstract: Tilt-rotor quadcopters can effectively decouple translational and rotational dynam-
ics, which makes them suitable candidates for aerial manipulation tasks. This is achieved by
tilting the individual propellers to generate forces in any direction with respect to its body frame.
This paper addresses the port trajectory tracking of a tilt-rotor quadcopter while following an
independent attitude profile. We propose a sliding mode controller for the trajectory tracking of
a rigid port mounted on the tilt-rotor quadcopter. Attitude is represented using rotation matrices
to ensure global representation. We illustrate simultaneous tracking of port and attitude profiles
numerically.
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1. INTRODUCTION

For the last two decades, quadrotors have been gaining
popularity in aerial robotics because of their superior
agility and disturbance rejection capabilities. The surge in
use of such systems kindled the development of quadrotors
with advanced capabilities compared to the traditional
ones. A relatively new player in this field is tilt-rotor
quadcopter. Tilt-rotors have considerable advantages over
traditional quadrotors in terms of agility and maneuver-
ability.

A traditional quadrotor is underactuated, and as a result,
the translational dynamics depends on the instantaneous
attitude. The traditional quadrotors cannot hover in a
tilted position or simultaneously satisfy both translational
and rotational requirements. While tracking a desired tra-
jectory, quadrotors change their attitude and consequently
alter the view of the onboard surveillance camera, which
has a detrimental impact on vision-based applications. On
the other hand, tilt-rotor quadcopters, overactuated by
design, are not confined by these limitations. Tilt-rotors
overcome these shortcomings by employing tilt-able pro-
pellors. This versatility enables the tilt-rotor quadcopters
to generate forces in any direction and effectively decouple
translational and rotational dynamics under normal flight
conditions.

In this paper, we exploit the capability of the tilt-rotor
quadcopter to track a translational trajectory for a given
attitude profile and propose a trajectory tracking con-
troller for port position and port velocity. The control of
a port or a manipulator mounted on an airborne device
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has many applications in aerial robotics. It can be used
for tool operations, grasping, and aerial manipulation.

Though not studied as extensively as traditional quadro-
tors, tilt-rotor quadcopter design and control techniques
have piqued numerous academics’ interest in the last
decade. In Ryll et al. (2012), the dynamic model of a tilt-
rotor quadcopter is derived. This work also discusses the
controllability property and designs a trajectory tracking
controller for the tilt-rotor. Various control schemes such
as inverse dynamics based control Falconi and Melchiorri
(2012), feedback linearization control Nemati and Kumar
(2014), LQR control Willis et al. (2020), PD sliding mode
control Alkamachi and Erçelebi (2019) are designed for
trajectory tracking control of tilt-rotor quadcopters. In
Kumar et al. (2017), feed-forward control for tracking of
aggressive trajectories is presented. A geometric controller
is described in Invernizzi and Lovera (2017) for trajectory
tracking on SE(3), considering the constraints on the ap-
plied force. Albeit the control of translational dynamics
has been analyzed comprehensively, the control of a rigid
tool or manipulator mounted on the tilt-rotor quadcopter
is a field less explored.

Unlike tilt-rotors, traditional quadrotors have been abun-
dantly used for aerial manipulation. In Yang and Lee
(2014) and Martin et al. (2013), trajectory tracking control
of the manipulator end effector has been discussed. A rigid
tool attached to the quadrotor is more challenging but
for a specific set of applications such as screw operations,
control of such rigid tools is of extreme significance. The
modeling and trajectory tracking control of quadrotors for
tool operations have been performed for a variety of uses
by Nguyen and Lee (2013) and Nguyen et al. (2015). Con-
trary to the traditional quadrotors, tilt-rotor’s adeptness
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Kumar et al. (2017), feed-forward control for tracking of
aggressive trajectories is presented. A geometric controller
is described in Invernizzi and Lovera (2017) for trajectory
tracking on SE(3), considering the constraints on the ap-
plied force. Albeit the control of translational dynamics
has been analyzed comprehensively, the control of a rigid
tool or manipulator mounted on the tilt-rotor quadcopter
is a field less explored.

Unlike tilt-rotors, traditional quadrotors have been abun-
dantly used for aerial manipulation. In Yang and Lee
(2014) and Martin et al. (2013), trajectory tracking control
of the manipulator end effector has been discussed. A rigid
tool attached to the quadrotor is more challenging but
for a specific set of applications such as screw operations,
control of such rigid tools is of extreme significance. The
modeling and trajectory tracking control of quadrotors for
tool operations have been performed for a variety of uses
by Nguyen and Lee (2013) and Nguyen et al. (2015). Con-
trary to the traditional quadrotors, tilt-rotor’s adeptness
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1. INTRODUCTION

For the last two decades, quadrotors have been gaining
popularity in aerial robotics because of their superior
agility and disturbance rejection capabilities. The surge in
use of such systems kindled the development of quadrotors
with advanced capabilities compared to the traditional
ones. A relatively new player in this field is tilt-rotor
quadcopter. Tilt-rotors have considerable advantages over
traditional quadrotors in terms of agility and maneuver-
ability.

A traditional quadrotor is underactuated, and as a result,
the translational dynamics depends on the instantaneous
attitude. The traditional quadrotors cannot hover in a
tilted position or simultaneously satisfy both translational
and rotational requirements. While tracking a desired tra-
jectory, quadrotors change their attitude and consequently
alter the view of the onboard surveillance camera, which
has a detrimental impact on vision-based applications. On
the other hand, tilt-rotor quadcopters, overactuated by
design, are not confined by these limitations. Tilt-rotors
overcome these shortcomings by employing tilt-able pro-
pellors. This versatility enables the tilt-rotor quadcopters
to generate forces in any direction and effectively decouple
translational and rotational dynamics under normal flight
conditions.

In this paper, we exploit the capability of the tilt-rotor
quadcopter to track a translational trajectory for a given
attitude profile and propose a trajectory tracking con-
troller for port position and port velocity. The control of
a port or a manipulator mounted on an airborne device
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has many applications in aerial robotics. It can be used
for tool operations, grasping, and aerial manipulation.

Though not studied as extensively as traditional quadro-
tors, tilt-rotor quadcopter design and control techniques
have piqued numerous academics’ interest in the last
decade. In Ryll et al. (2012), the dynamic model of a tilt-
rotor quadcopter is derived. This work also discusses the
controllability property and designs a trajectory tracking
controller for the tilt-rotor. Various control schemes such
as inverse dynamics based control Falconi and Melchiorri
(2012), feedback linearization control Nemati and Kumar
(2014), LQR control Willis et al. (2020), PD sliding mode
control Alkamachi and Erçelebi (2019) are designed for
trajectory tracking control of tilt-rotor quadcopters. In
Kumar et al. (2017), feed-forward control for tracking of
aggressive trajectories is presented. A geometric controller
is described in Invernizzi and Lovera (2017) for trajectory
tracking on SE(3), considering the constraints on the ap-
plied force. Albeit the control of translational dynamics
has been analyzed comprehensively, the control of a rigid
tool or manipulator mounted on the tilt-rotor quadcopter
is a field less explored.

Unlike tilt-rotors, traditional quadrotors have been abun-
dantly used for aerial manipulation. In Yang and Lee
(2014) and Martin et al. (2013), trajectory tracking control
of the manipulator end effector has been discussed. A rigid
tool attached to the quadrotor is more challenging but
for a specific set of applications such as screw operations,
control of such rigid tools is of extreme significance. The
modeling and trajectory tracking control of quadrotors for
tool operations have been performed for a variety of uses
by Nguyen and Lee (2013) and Nguyen et al. (2015). Con-
trary to the traditional quadrotors, tilt-rotor’s adeptness

in decoupling translation form rotation makes them the
ideal candidates for similar applications.

In this paper, we design a trajectory tracking scheme for
position and velocity of a port mounted on the tilt-rotor
quadcopter. According to the author’s best knowledge,
there has not been any studies focusing on the control
of port position and velocity of a tilt-rotor quadcopter
so far. We propose a controller for the port trajectory
tracking. We demonstrate that port trajectory can be
tracked independent of the attitude profile.

Since rotation matrix presents a global and unique form
of attitude representation Chaturvedi et al. (2011), we use
it to define the quadrotor’s attitude.

The paper is divided into four sections. In section 2, we
introduce the basics and present the mathematical model
of the tilt-rotors employing rotation matrices for attitude
representation. We design a sliding mode controller for
the position and velocity tracking of the tilt-rotor port
in Section 3, and prove its stability. Section 4 includes
illustration of complex trajectory tracking capabilities
using numerical simulations.

2. EQUATIONS OF MOTION OF TILT-ROTOR
QUADCOPTER

We consider a tilt rotor quadrotor as illustrated in Fig.
1. An actuator pivot joint allows the arm of the propeller
to rotate and deliver a net force with respect to tilt-rotor
quadcopter’s body frame. The angle of tilt of ith propeller
is represented using θi whereas the thrust force generated
perpendicular to the plane of ith propeller is denoted as
fi ∈ R. Similarly, the moment produced by the propeller i,
is represented as Mi. The tilt angle θi and the thrust force
fi are the eight inputs of the tilt-rotor, which makes it an
overactuated system. We define three reference frames - an

Fig. 1. Tilt-rotor model

inertial frame, a body fixed frame, and a frame fixed on the
arm of each of the four propellers - to define the dynamic
model of the tilt-rotor quadcopter. R is the rotation matrix
from body frame to inertial frame and Ri the rotation
matrix from the ith propeller arm frame to the body fixed
frame. J and m are respectively the moment of inertia
and mass of the tilt-rotor. The port is mounted as shown
in Fig. 1. ρ is the position vector of the port expressed in
body fixed frame.

The individual propeller forces generate a net thrust f ∈
R3 expressed in tilt-rotor quadcopter’s body frame as,

f =

4∑
i=1

Rp
i (θi)fie3, (1)

where rotation matrix Rp
i is a function of the tilt angle

θi of the ith propeller and e3 = [0 0 1]T . . For example,
this rotation matrix for a propeller mounted on the pitch
axis of the tilt-rotor’s body frame and is tilted counter-
clockwise by an angle θ is given as,[

cos(θ) 0 sin(θ)
0 1 0

−sin(θ) 0 cos(θ)

]
.

Both the forces and moments of individual propellers
generate a net moment, M ∈ R3, with respect to the body-
fixed frame which is expressed as follows.

M =

4∑
i=1

αiR
p
i (θi)Mie3 +

4∑
i=1

li × (Rp
i (θi)fie3), (2)

where li ∈ R3 is the position vector of the ith propeller
arm expressed in body frame and αi = ±1 is determined
by the direction of angular velocity of ith propeller. We
define, x ∈ R3 the position of centre of mass of the tilt-
rotor quadcopter in inertial frame, v ∈ R3 the velocity
in inertial frame, and Ω ∈ R3 the angular velocity in the
body-fixed frame. The equations of motion of the tilt-rotor
quadcopter can be derived as,

ẋ = v (3)

mẍ = −mge3 +R

( 4∑
i=1

Rp
i (θi)fie3

)
(4)

JΩ̇ =

( 4∑
i=1

αiR
p
i (θi)Mie3

)
− Ω× JΩ

+

( 4∑
i=1

li × (Rp
i (θi)fie3)

)
(5)

Ṙ = RΩ̂, , (6)

We can simplify the dynamics by considering only the net
force and moment instead of individual propeller forces
which yields the dynamics of the tilt-rotor quadcopter
represented by equations (7)-(10). We will use the mapping
defined in equation (11) (refer the footnote of the next
page) later to compute individual propeller forces and tilt
angles from the net force and moment.

ẋ = v (7)

mẍ = −mge3 +Rf (8)

JΩ̇ = M − Ω× JΩ (9)

Ṙ = RΩ̂. (10)
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Since rotation matrix presents a global and unique form
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of the tilt-rotors employing rotation matrices for attitude
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in Section 3, and prove its stability. Section 4 includes
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using numerical simulations.
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is represented using θi whereas the thrust force generated
perpendicular to the plane of ith propeller is denoted as
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is represented as Mi. The tilt angle θi and the thrust force
fi are the eight inputs of the tilt-rotor, which makes it an
overactuated system. We define three reference frames - an
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inertial frame, a body fixed frame, and a frame fixed on the
arm of each of the four propellers - to define the dynamic
model of the tilt-rotor quadcopter. R is the rotation matrix
from body frame to inertial frame and Ri the rotation
matrix from the ith propeller arm frame to the body fixed
frame. J and m are respectively the moment of inertia
and mass of the tilt-rotor. The port is mounted as shown
in Fig. 1. ρ is the position vector of the port expressed in
body fixed frame.

The individual propeller forces generate a net thrust f ∈
R3 expressed in tilt-rotor quadcopter’s body frame as,

f =

4∑
i=1

Rp
i (θi)fie3, (1)

where rotation matrix Rp
i is a function of the tilt angle

θi of the ith propeller and e3 = [0 0 1]T . . For example,
this rotation matrix for a propeller mounted on the pitch
axis of the tilt-rotor’s body frame and is tilted counter-
clockwise by an angle θ is given as,[

cos(θ) 0 sin(θ)
0 1 0

−sin(θ) 0 cos(θ)

]
.

Both the forces and moments of individual propellers
generate a net moment, M ∈ R3, with respect to the body-
fixed frame which is expressed as follows.

M =

4∑
i=1

αiR
p
i (θi)Mie3 +

4∑
i=1

li × (Rp
i (θi)fie3), (2)

where li ∈ R3 is the position vector of the ith propeller
arm expressed in body frame and αi = ±1 is determined
by the direction of angular velocity of ith propeller. We
define, x ∈ R3 the position of centre of mass of the tilt-
rotor quadcopter in inertial frame, v ∈ R3 the velocity
in inertial frame, and Ω ∈ R3 the angular velocity in the
body-fixed frame. The equations of motion of the tilt-rotor
quadcopter can be derived as,

ẋ = v (3)

mẍ = −mge3 +R

( 4∑
i=1

Rp
i (θi)fie3

)
(4)

JΩ̇ =

( 4∑
i=1

αiR
p
i (θi)Mie3

)
− Ω× JΩ

+

( 4∑
i=1

li × (Rp
i (θi)fie3)

)
(5)

Ṙ = RΩ̂, , (6)

We can simplify the dynamics by considering only the net
force and moment instead of individual propeller forces
which yields the dynamics of the tilt-rotor quadcopter
represented by equations (7)-(10). We will use the mapping
defined in equation (11) (refer the footnote of the next
page) later to compute individual propeller forces and tilt
angles from the net force and moment.

ẋ = v (7)

mẍ = −mge3 +Rf (8)

JΩ̇ = M − Ω× JΩ (9)

Ṙ = RΩ̂. (10)
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where the hat operator, (̂.) : R3 → so(3) for y =
[y1, y2, y3]

T is,

ŷ =

[
0 −y3 y2
y3 0 −y1
−y2 y1 0

]
.

Here, we consider a tilt-rotor with single axis tilt θi ∈ R.
The net force and moment can be effectively mapped on
to the individual propeller forces and and tilt-angles using
the mapping defined in equation (11).

In this paper, we use the simplified model of tilt-rotor
quadcopter for the controller design since the mapping
represented in equation (11) is invertible except when at
least one of the propellers stops functioning Invernizzi and
Lovera (2017). That is, under normal flight conditions, any
net force and moment can be mapped into corresponding
propeller thrusts and tilt angles by computing the pseudo
inverse of the matrix given in (11).

Now that we have developed the equations of motion, we
will derive the port dynamics of the tilt-rotor in the next
subsection.

2.1 Modeling of port dynamics

The port position in inertial frame xp can be written as,

xp = x+Rρ. (12)

The port dynamics is obtained by differentiating the above
equation with respect to time.

ẋp = v +RΩ̂ρ (13)

ẍp = v̇p = ẍ+RΩ̂Ω̂ρ+R ˆ̇Ωρ

ẍp = −ge3 +
Rf

m
+RΩ̂Ω̂ρ+R ˆ̇Ωρ, (14)

where vp is the port velocity expressed in inertial frame.

It is evident from equation (14) that port dynamics de-
pend on the angular velocity and instantaneous attitude.
However, for a given attitude profile, we can use the above
set of equations to develop a controller for the port tra-
jectory tracking. The proposed control scheme, in detail,
along with the proof of its stability is given in the next
subsection.

3. TRAJECTORY TRACKING CONTROL OF PORT
POSITION AND VELOCITY

In this section, first we design a sliding mode controller
which ensures that trajectory tracking errors converges to
zero. In the subsequent subsection we discuss the attitude
controller adopted for the tilt-rotor quadcopter.

3.1 Control law design for the port dynamics of tilt-rotor
quadcopter

Let us start by defining the port position error, exp
and

velocity error ėxp
= evp as, exp

= xp − xd
p and evp = vp −

vdp . x
d
p and vdp are the desired port position and velocity

respectively.

Theorem 1. For the tilt-rotor port dynamics represented
by the equations (3)-(6) and (14), the port trajectory
tracking error will converge to zero using the control law,

f = mRT

(
− sign(σ)− kevp + ge3 −RΩ̂Ω̂ρ−R ˆ̇Ωρ+ v̇dp

)
,

(15)
where sign(σ) = [sign(σ1) sign(σ2) sign(σ3)]

T for the
sliding surface σ defined in equation (16) .

Proof. Let us define the sliding surface as,

σ = kvexp + ėxp , (16)

The following Lyapunov function V is opted.

V =
1

2
σTσ

The time derivative of Lyapunov function is obtained as,

V̇ = σT σ̇. (17)

We obtain the expression for σ̇ by taking the time deriva-
tive of the equation (16).

σ̇ = kv(ẋp − ẋd
p) + (v̇p − v̇dp)

After substituting for v̇p, we obtain,

σ̇ = kv(vp − vdp) + (−ge3 +
Rf

m
+RΩ̂Ω̂ρ+R ˆ̇Ωρ)− v̇dp .

Once we substitute the expression for σ̇ in equation (17)
we obtain,

V̇ = σT

(
kvevp +(−ge3+

Rf

m
+RΩ̂Ω̂ρ+R ˆ̇Ωρ)− v̇dp

)
(18)

We choose the control force f = mRT (−kvevp + ge3 −
sign(σ)−RΩ̂Ω̂ρ−R ˆ̇Ωρ+ v̇dp). The above equation can be
rewritten as,

V̇ = −σT sign(σ) < 0.

To eliminate chattering, we modify the designed controller
of equation (15) by employing a sigmoid function instead
of a sign function.

We have designed a controller to track the port trajectory.
However, the desired control force is dependent on the
rotational dynamics. In the next subsection, we discuss the
attitude controller employed for the attitude subsystem.

3.2 Attitude Subsystem

A desired attitude profile Rd ∈ SO(3) is given. Corre-

sponding angular velocity command is Ω̂d = RT
d Ṙd. We

use an attitude error eR = 1
2 (R

T
d R−RTRd)

∨ derived from

the standard attitude error function ψ(R,Rd) = 1
2 tr(I −

RT
d R). The angular velocity error, expressed in body fixed

frame is chosen as eΩ = Ω−RTRdΩd. We use a non-linear
geometric controller based on Lee et al. (2010), expressed
as,

M = −KReR−KΩeΩ+Ω×JΩ−J(Ω̂RTRdΩd−RTRdΩ̂d).
(19)

The details of the implementation of the proposed control
scheme is illustrated in Fig. 2. The attitude error func-
tion ψ has three critical points other than the desired
equilibrium which is R = Rd. The additional critical
points are Rdexp(πêi) where i = 1, 2, 3. The corresponding
upper bound is 2, that is, the attitude error function
corresponding to initial attitude error should be less than

2. This upper bound can be extended using an attitude
error function ψ = 1

2 tr(G(I−RT
d R)) where G is a diagonal

matrix.

We have described the control techniques employed for
the trajectory tracking of tilt-rotor port in this section.
We demonstrate the tracking of port trajectory for a
give attitude profile in the next section using numerical
simulations.

4. NUMERICAL STUDIES

For the numerical simulations we use the geometrically
accurate discretized model similar to the one proposed
in Nikhilraj et al. (2019). Since the proposed controller
is dependent on the rotational dynamics, we set the
frequency of the attitude control loop higher than the port
control loop for the proper functioning of the proposed
controller. The designed control scheme is applied to the
model and the resulting plots are shown in figures 3-6.
Consider a quadrotor of mass 2kg having a moment
of inertia diag(0.07928, 0.0752, 0.1226)kgm2. The position
vector of the port, ρ, expressed in body fixed frame is
chosen as [0.5 0 0]′.
The control parameters used for both simulations are,
µ = 10, kp = 22, kR = 8.8, kΩ = 4
We study two complex flight maneuvers with both port
dynamics and attitude requirements. Details of the desired
trajectories are given below.

Case 1: Track a lemniscate while satisfying a constantly
varying yaw requirement.

xd
p = [

acos(t)

1 + sin2(t)

asin(t)cos(t)

1 + sin2(t)
0]T

Fig. 3. Case 1: Port Trajectory

Rd = exp([0 0
π

8
t]∧)

Initial conditions are as follows.

x = [3 0 0]T , R = I3×3

Case 2: Simultaneously track a port trajectory varying
along all three axes and an attitude with varying roll and
yaw requirements.

xd
p = [1 + 0.5t 0.2t 0.2sin(πt)]T

Rd = exp([0 0.5π(t− 8)
π

12
t]∧)

Initial conditions are chosen as,

x = [0 0 0]T R = I3×3


f
M


=




0 0 0 0 0 −1 0 −1
0 0 0 0 1 0 1 0
1 1 1 1 0 0 0 0

0 L 0 −L 0 α2
kf
km

0 α4
kf
km

L 0 −L 0 −α1
kf
km

0 −α3
kf
km

0

−α1
kf
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−α2
kf
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−α3
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−α4
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





f1sinθ1
f2sinθ2
f3sinθ3
f4sinθ4
f1cosθ1
f2cosθ2
f3cosθ3
f4cosθ4



, (11)

where kf and km are the force and torque constants of the propeller motor and L ∈ R is the length of the propeller
arm.

Fig. 2. Block diagram of the proposed control scheme
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Fig. 4. Case 1: Tracking errors

Fig. 5. Case 2: Port Trajectory

The trajectory followed by the tilt-rotor quadrotor port is
shown in Fig. 3. The attitude error function, Fig. 4b, and
the norm of the port position error, Fig. 4a, are presented.
It can be deduced from these figures that both the attitude
tracking error and port tracking error reduce to the desired
values.
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Fig. 6. Case 2: Tracking errors

Similar to the previous case, the trajectory followed by
the tilt-rotor port and the corresponding translational and
rotational errors respectively are illustrated in Fig. 5 and
Fig. 6. The trajectory tracking capabilities can be verified
from the port position error plots.

From the presented results, we can observe that the tilt-
rotor quadcopter employing the proposed controller can

track a port trajectory while following an attitude profile.
This can be useful in many applications incorporating
vision based functions where it is critical that the cam-
era mounted on the device’s body should either remain
unaffected or follow an independent attitude profile while
tracing a desired translational trajectory.

5. CONCLUSIONS

In this paper, the control of a port mounted on the tilt-
rotor quadcopter has been addressed. We have proposed a
sliding mode controller to track desired port position and
velocity trajectories. The proposed control scheme enables
the independent tracking of port and attitude trajectories.
We have demonstrated the proposed trajectory tracking
scheme for an eight-shaped trajectory using numerical
simulations. The port trajectory tracking incorporating
the constraints on the propeller tilt angles is an interesting
area for future research. This study can be extended by
including practical constraints on tilt-rotor flight, such as
the influence of disturbances, actuator limitations, and
modeling uncertainties.
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