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This article investigates the issue of H,, control for a class of continuous-time switched Lipschitz nonlinear
systems. None of the individual subsystems is assumed to be stabilisable with H, disturbance attenuation. Based
on a generalised multiple Lyapunov functions (GMLFs) approach, which removes the nonincreasing requirement
at switching points, a sufficient condition for the solvability of the H., control problem under a state
estimation-dependent switching law is presented. Observers, controllers and a switching law are simultaneously
designed. As an extension, a sufficient condition for exponential stabilisability is also given.
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1. Introduction

Recent years have witnessed an enormous growth of
interest in switched systems (Peleties and DeCarlo
1991; Branicky 1998; Liberzon 2003; Zhao and Hill
2008). The multiple Lyapunov functions technique
(Peleties and DeCarlo 1991; Branicky 1998; Liberzon
2003) has been proved as a powerful and effective tool
with less conservativeness. The key point of these
results is that any Lyapunov function is nonincreasing
over the ‘switching on’ time sequence of the corre-
sponding subsystems, which is usually hard to check
and difficult to satisfy. Thus, the ‘min-switching’
strategy  (Liberzon 2003), connecting adjacent
Lyapunov functions at switching points, becomes a
widely accepted strategy which is a special case of
Branicky (1998), but easy to design and realise. In fact,
multiple Lyapunov functions are not necessarily
connected to each other at switching points.
A generalised multiple Lyapunov functins (GMLFs)
method recently addressed in Zhao and Hill (2008) can
overcome this problem and allow the ‘jump’ of
adjacent Lyapunov functions at switching points
when the system state can be observed.

On the other hand, the information of the state
variable is usually unavailable or not fully available in
engineering practice, and the state estimation can be
used for control, diagnosis or supervision purposes.
Inspired by these facts, for switched systems, the
observer-based control problems are also important
issues for both theoretical investigation as well as

practical applications (Li, Wen, and Soh 2003;
Rodrigues and How 2003; Ji, Wang, Xie, and Hao
2004; Xie, Xu, and Chen 2008). Such a design problem
usually involves observer design (Alessandri and
Coletta 2001; Bara, Daafouz, Kratz, and Ragot 2001;
Pettersson 2005; Juloski, Heemels, and Weiland 2007),
controller design (Feng 2002a,b; Chen, Zhu, and Feng
2004; de Best, Bukkems, van de Molengraft, Heemels,
and Steinbuch 2008; van de Wouw and Pavlov 2008;
Wang, Zhao, and Dimirovski 2009) and switching law
design (Colaneri, Geromel, and Astolfi 2008; Xiang
and Xiao 2011). Ji et al. (2004) derived quadratic
stabilisation condition for switched linear systems via
single Lyapunov function approach. Xie et al. (2008)
studied the output stabilisability and observer-based
switched control design problems of switched linear
systems at any given switching frequency. Recently,
Xiang and Xiao (2011) provided a discussion on
constructing a switching law determined by the state
variable of a full-order linear switched filter. However,
to the best of the authors’ knowledge, the observer-
based control problems based on the GMLFs
approach for switched systems have not been investi-
gated yet.

This article deals with the observer-based H.,
control by using the GMLFs approach for a class of
switched Lipschitz nonlinear systems. Compared with
the existing results, the observer-based GMLFs
approach is employed to solve the H,, control problem
when only an estimate of the state rather than the state
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is assumed to be available for designing the switching
strategy and controllers. Secondly, the differentiable
Lipschitz nonlinearity allows large values of the
Lipschitz constant to be compared with the classical
ones. Thirdly, exponential stabilisation is achieved
while the existing works usually address asymptotical
stabilisation. Besides, none of the individual subsystem
is assumed to be stabilisable due to its significance both
in theory and engineering application (see Liberzon
(2003) and references therein).

Throughout this article, A(-)(A(-)) denotes the
largest (smallest) eigenvalue of a symmetric matrix.
Co(a,b)={ra+ (1 —1)b, 0<i<1} is the convex hull of

ith
——
a, b.el(i)y=(0,...,0, 1 ,0,...,
scomponents
canonical basis of N’ for all s> 1.

0)" are vectors of the

2. Preliminaries

Consider the class of switched nonlinear systems:
X(1) = Aox(t) + Bous + Dofo(x(1), (1), ug) + Woa(t),
y(t) = go(x(1), uy),

Eyx(1)
z(0) = |: i| (1)
Uy
where o : W — M={1,2,...,m} is the right con-

tinuous piecewise constant switching signal to be
designed, x e N" is the state vector, u; € W™ are the
control inputs, w e R which belongs to L[0,00)
denotes the disturbance input, y € W and z € N"
denote the measured output and controlled output,
respectively, 4;, B;, D;, E; and W; are constant matrices
of appropriate dimensions.

Assumption 1: The nonlinear Sfunctions
fi i N X NP RN NG and  gi R x RN\ are
differentiable with respect to x, and

oy 7i i
axk (x’y’ ui) Sf/k’ gjk — 8

[ <

/!

(x ul) — g,ka

Jii» &ij and x; denote the j-th components of f;, g; and X,
respectively, and f(0,y, u;)=0.
Consider the following standard state observers:

(1) = Ao (1) + Botty + Dafo(3(1), (1), )
- La(ga()%a ua) - ga(xs ua))s (2)
where X(t) denotes the estimate of the state x(t) and

the  observer  gain  matrices  L; € X"Pi will
be  determined later.  The  estimation  error

e(t) = x(t) — x(1) satisfies

(1) = Age(t) + Do(fo(X, y, o) — fo(X, , i)
- La(ga()%’ Us) — go(X, Us)) — Woa(t).  (3)

The following standard assumptions are needed through-
out this article.

Assumption 2: Each subsystem is controllable and
observable for any i€ M.

Assumption 3: o has finite number of switchings on any
finite interval of time.

Assumption 3 rules out Zeno behaviour for all
types of switching (Liberzon 2003).

3. Main results
Define sets

A= =0 Yy

i i 7i
qi-n > C]") f’kiv.llkf'./k’

i=1...quk=1,...,n}, Vie M.

Each set %”’
vertices set 1s

» 1s @ bounded convex domain whose

i (o — (o i
“Vqln—{oz—(ot“,...,aln,..

Olqn) Olk € {fk» k}}
Define the affine matrix functions

SV = A+ DY N viea(Dey (k). v € A,
4)

By the differential mean value theorem (Zemouche,
Boutayeb, and Bara 2008), there exist z;(f),Z;(¢) €
Co(x(1), x()) such that

](1(5‘\:’ Vs ui) _fi(xa Vs M,')
ot Vi
= ( X awelog L erum e, ©)

k=1

pi-n
gi(X,u) — gi(x, u;) = (Z ep(j)el (k) %3 (Z]a uz))

k=1
(6)
With (4), (5) and

WO = (B0 B0 T, (0)

A s
hy (1) = ﬁ(zj,y, u;),
Equation (3) can be rewritten as

(1) = (A 5(h°(1)) = Lo%s(p° (D))e(1) — Woaw(1),  (7)
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where () ~are given by  Fi{d(D)=
Y Pl (el (k). with

pi(l) = (pil(l)a ] ,Olin(l), A p;;,n(t))a

: 8g,~ —
L) = 22(Z u).
pjk( ) 8Xk (st ul)
From Assumption 1, p'(-) remains in a bounded
domain 7, , whose vertices set is
W= B = Bl B B Bl € 181 81).
In view of f{0,y,u;)=0, there exists z;(z) € Co(0, X)
such that Difi(X, y,u;) = (i(l'i(t)) — A;)X, where (1)
can be defined similarly to /'(7). Then, the closed-loop
system composed of (2), (7) and u, = K,X is
(1) = Ao3(1) + Byo(0).

- 8
z(t) = CyX(1), ®)

where

y o (Wi(t)) + BiK; —L%(p'(1))
l 0 A (h(1)) — Lig(p'(1)) |

~ |: 0 :| ~ |:E,‘ —E[:| . |:)’(\7(l):|
B,‘ = 5 Cl‘ = 5 X(t) = .
— W,' K,' 0 E(Z)

The H,, control problem for the switched system
(1) is stated as follows: given a constant y >0, find
observer-based dynamic controllers u; = K;x with (2)
for all subsystems and a switching law i = o(¢) such that

(1) system (8) is asymptotically stable when
w(t)=0.

(i1) system (8) has finite [,-gain y from the
disturbance input w(f) to the controlled
output z(7), i.e.

/ b ZT(0)z(0)dt < 2 / b o (Ha(t) dt + v(x(1p))

holds for all 7> 0, where x(fy) is the initial state with
the initial time 7 and u(-) is some real-valued function.

Suppose that we have matrices P;>0 and sym-
metric matrices Q; with Q;=0(i,/€ M). Let
Qi = {x e W|xT(P; — P+ Qu)x <0, ¥leM),
Qi = {x € W|x"(Pi— P+ Qu)x = 0,1 # i).
Then the switching law is designed as follows:
o(ty) = i, if X(20) € Q;,
i, ifo(r7)=iand X(¢) € int ;,
o(t) = { . . R ~ t> 1.
[, ifo(t)=1iand x(1) € Q.

)

Lemma 1: For given constants 1n,;<0, §;>0, ¢{;>0.
Suppose that there exist matrices P;>0, symmetric
matrices Qy with Q;=0, matrix S> 0 and matrices R;
such that
Block-diag{W(at}), ¥i(ch), . .., Wi(ch)} <0, (10)
Block-diag{®(at}), ®u(atb), ..., Pulah,)} <0, (11)

Block-diag{Ti(at}, B)), . . .. Ti(cthen. B)). Tilct}. B), . ..

Fi(aéth‘"’ :Bém‘”)} <0, (12)
Qis + Qsl = Qila (13)
Qis + Qsl =< Oa (14)

hold for ¥ i, s, le M, j=1,...,29% k=1,...,20",
a ety ., B €W, , where

qi,n?
Wi(e)) = [ (o)) P + Pict (et}) — 2P;B;B] P + 81
+ Y nuPi— P+ Qu),

leM, I£i
Dy(at) = Qu(/i(e}) — B;B! P))
+ (i) — BiB] P)) g
Filej, B) = o/ (@))S = GT(BIR: + S/ i(tj)
- RI'9.(B) + ¢l

Then, the system (8) with w(t)=0 is globally asympto-
tically stable under the switching law (9) and an
associated ~ observer-based — dynamic controller
uy, = K,x(1), the controller and observer gain matrices
are K; = —BI'P; and L; = ST'RY, ie M.

Proof: We first show how to design an estimation
state-dependent switching law, and then achieve
asymptotical stability with the help of the GMLFs
approach.

Choose the GMLF candidates of the form

V(X) = Voo(%) = 2T Py X + ko(ne’ Se, (15)

where P(ie M), S are positive definite matrices
satisfying (10)—(12), «; are constants to be determined.
It is easy to know from (13) and (14) that for any
integers ji, jo,...,j, €M,

lejz + Q.fzi3 +eeet Q.J},—ul, + qujl <0. (16)

Obviously, for each i, the set Q; = u;’;l,,#ifzi, contains
the boundary of €; Moreover, we have
U, = N"\{0}. In fact, if it is false, namely, there
exists X € N satisfying X ¢ ;, Vi, then we have an
integer ¢ and a sequence ji, . ...j. jk Zjr1. k=1,....q
with  j,,1 being considered as j; such that
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(P, — Py, + 0j,j..,)X > 0. Taking the sum over k
and noticing (16) yields

7=
=>
\J

q
Plk+1 + Q]/c]k+l X = z :X Qikik+1x = 09
k=1 k=1

which results in contradiction. The sets ; have the
property that if X € ;N Qy for some i, / and X € W",
then $e Q. In fact, e Q:NQy means that
TP — P+ Qi)x<0 for any seM and
TP, — Pj+ Qy)% =0. Thus, P;=P,+Q;. This in
turn gives

(P — Py + Q)% < RT(P; — Py + Qi)% < 0.

On the other hand, denote the s-th switching instant
as t,. In view of (9) and n; <0 (i,/€ M), we have

’751>A€T Z (PO' - Pl + Q(rl)),e = Oa Vi e N (17)
leM, I#o
With K; = —B’P; and R; = L[S, on any interval [z,
t411), the time derivative of V(xX) along the trajectory of
the closed-loop system (8) with w(r) =0 satisfies

V(%) < & (&{T(h’a)P 4 Py (Ho) — 2PTaPa>fc

+ ke (A L(H)S — GL(p" )Ry + St o(H°)

- Rgga(:oa))e

— TP, L,%(0°)e — " G1(0°)L, P, X. (18)
Denote Fy(h'i) = o/ (Wi)P; + Pi.o/ (i) — 2P;B; B Pi+
&i1, ¥V ie M. It is easy to find a common set V; for
h' and ', Then, combining (17) with (10) ylelds
F(a)<0 for all o€ 7y ! Using the convexity
principle (see Boyd and Vandenberghe (2001) for

more details), we deduce that F(h'')<O0 for all /",
which means that on any [#,, #,, ),

(LW o) Py + Poct o(H o) —
<0, Vx#0.

2P,B,BLP, + 8,1)%

Similarly, (12) implies that

T (AL(h)S — GL(0") Ry + St o(h7) — RIG,(0%) + Lol)e

<0

on any [t t,,1), Ye#0. Thus, combining these with
(18), we have

V(X) < —8,37% — koloele — TP, Ly %G (p7)e
—e'GI(p")L, P,%
= —xTg;%,

where

[]

o 8:1 PLﬁ(,o)
N K00 ) S |

Choose the positive scalar «; large enough such that
E;>0 for all ie M. Therefore, VC,(,)()E(t)) < 0 on any
[z, t5+1).

Also, (11) implies that Qu(</('i(f)) — B;B! P;)
+(o2 (Wi(t)) — BiBIP)"Qy < 0, which tells us that
x1(1)Q;x(1) are decreasing on [f,, ;) along the
trajectory  of  X(¢) = (o/;(N'i(t)) + B;K;)Xx(f). For
s€N,i;e M, if the i-th subsystem is active on [z,
ty41), according to the switching law (9), at each
switching ~ time, ~we  have XL (P, — P;i—
Qi )Xs41 = 0. For simplicity of notations, suppose
X(t;) = X;. Thus,

)ACS]:,_]PiXJr])%erl - )eg_]Pix)%sH + )%5T+2Pi(+2)ex+2
)ezjfzpil,.+1)%s+2

AT ~ AT A
S xS+1Q[ri,s+lx‘y+l + xS+1Ql.,§+lix+2x5+l S 0‘

Therefore,
Z (Vip+l(5ép+l) l,;(x]H—l))
p=0
0, if s is odd,
<
00 %1 < XPQipi X0, ifsis even. (19)

With this, for any ¢ > 1, we have

Vi (%) = Vi s (%)

q
V(o) + Y (Vi (%)) —
p=l1

q—1
+ Z z,,(prrl) - z,)(xp))
p=1
< a(lIXoll) + BlIXolD,

where

a(r) = r”rélax{in’d, ie M},

B(r) = max{|xTQ,,x| i,l e M}.
The GMLFs technique gives the result. ]
Remark 1: If scalars »;, 8, ¢; are chosen in advance,

conditions in Lemma 1 can be easily transformed into
the LMIs:

[ A () Pi+ Pict (}) + 8il .

+ D sent 1 Mi(Pi — P+ Qi) <o,
i BTP; —0.51

[ Qudt i) + [ (@)Qu QuBi PiB;i

BlOy -1 0 < 0.
BIP; 0 -1

- 1
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Remark 2: When Q;=0 (i,/leM), (11)(14) are
automatically satisfied and (10) becomes the
well-known result in Liberzon (2003) and the switching
law given by (9) degenerates exactly into the ‘min-
switching’ strategy.

Remark 3: It follows from f}0, y, u;) =0 and (4) that
there exists z; € Co(0, X) such that Df(x youp) =
(o i(Wi(1)) — A; )x(t) where, similar to 4'(¢), #'(t) can
be defined as Wity = (Win (1), ..., Hig.(1)),
Wig(t) = a’f”( ,y,u;). It is easy to find a common
convex set %’ . for I''(¢) and K'(¢). For instance, let

o,
J 1 /
lnf{ InfZzeyr i o <_8xk (zj v, ui) |5

ofi

: ij

infzeqn o o 7(21-,)/, u) ) s
Bxk

T U 7
S = sup { SUD Zegin x9ii x 9 (—Bxk (5, v ui) ),

of;
ij
SUD zeogin xairi x i ( (zj, y,ui) ) ¢

Lemma 1 only needs the values of vertices in ¥~ ;
Therefore, we can suppose that z}(7) = z; (1) without
loss of generality.

Remark 4: In GMLF approach, no decreasing
requirement of V;(X(7)) on the corresponding active
intervals is needed. Lemma 1 only needs V;(x(¢)) on an
active interval that does not exceed the value of some
function of V; at the ‘switched on’ instant.

An exponential stabilisability condition can be
derived by strengthening the condition of Lemma 2,
as shown in the following lemma.

Lemma 2: The system (8) with w(t)=0 is globally
exponentially stable via the switching law (9) if the
conditions of Lemma 1 are satisfied.

Proof: Let g;=A(E;. Then similar to the proof of
Lemma 1, on any [t 1), we have
V(X(1)) < —eoxT(1)%(7). Thus,

V() + po V(X(2)

= _(80 - PLO):(PO))”-),e(t)”2 - (80
<0

— 1oA(9)) lle(D>

holds for gy < min;ep{==-, —£-}. This implies

Py M(S)
V(D) < e VEW)), 1€ [ty ti)-
Combining with P,=P;+Q; and in view of
XT(0Q;1X(1) being decreasing on [f,,1,.), we can

easily obtain
e M=) /(X),
e MUY (Ro) + X Qg Ko,

if s 1s even,

V) = | if s is odd.

Therefore,

IR < T=e O 5(10) 1,
where AT = max; jep {X(Pi) +i(Qn), M) AT =
min {2 (P), & (S)]. -

Theorem 1: Let y >0 be a constant. The H,, control
problem for system (1) is solved by the switching law (9)
if the condition of Lemma 1 is satisfied with

Wie)) = o] (o)) Pi + Pict (et}

+8I+ Y nu(Pi— P+ Qu),
le M I#i

Y. B)  SWi }
wrs  —i'WI ’

l

— P;B;BI'P; + 2E!E;

Yile B) = /T(@)S — GT(BOR; + S/ i(et})

— R/ 9B +2E] E; + &l
Proof: First, it is easy to see that if the conditions of
this theorem are feasible, so are (10)-(12). By

Lemma 1, system (8) is asymptotically stabilisable
with w(7)=0.

Second, introduce Jr= j;)T(zT(t)z(t) -
20T (Hw(t))dt. Applying an argument similar to the
proof of Lemma 1 results in

V(E) + 12017 — PP lo0)> <0, 1 € [t5, t11).

Suppose that 71o=0, when T €[t,, t,,), we have

s—1 tpi1 .
=y / (272 = Yol o+ V, (7(1) dr
15

p=0 Y1
s—1
= (V3 Gor1) = Vi (5))) = (Vi (D) — Vi (%))
p=0
T .
+ / (z"z = Yo w+ V; (X(1))) dt
s—1
Vip(fép-H))'

< Vi(%0) = Vi R(T) + Y (Vi o) —
p=0

Combining this with (19) and the GMLFs technique
(Zhao and Hill 2008) leads to
Viy(X0) + B(lI%o 1)}

Jr < v(%Xo) 1= max{V;,(Xo),
iq]EM

Let T— oo, therefore [~ z7(1z(r)dt < y* [ w (1) x
(1) dt + v(Eo) holds for all w(r). O
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4. Example
Consider the switched system of the form (1) with
(-1 -1 0 -1 0 |
A=l 0 1 -1, A=|1 -1 0o [,
| -1 1 =09 I -1 -038
[ —0.8 1
B=|-15 2|,
| 0.7 2
2 —0.9 10 1
Bo=| 1 —16/|, Di=|2 1|, D,=| -1/,
| -1 0.5 21 -1
0.2
Wwy=1|-031{,
| —0.4

Wy, =[-0.5 02 04]7,
E,=[-08 1 1],

0.2sinx; X] — X3
ﬁ = . ) g1 = 5
3sinx; X2 + X3
|:x1 4+ e xy + X3
& =
X2 — X3

Ey=[1 -1 =2],

:|, fr =2sinx;, M ={1,2}.

Take 7’]12:7’]21:—2, 81:52:0.1, K1:K2:0.6,
£1=¢=0.5. Then, the H,, control problem of the
system (1) is solved by the switching law:

I, ifx() e Qo(t7)=1
or X(1) € Qo1,0(7) =2,
2, otherwise

o(t) =

with £(0) =[1,1,2]", 0(0)=2, y=0.8341 and the
controllers with gain matrices

X — —1.9750 0.2600  2.3355
T —1.0248  —0.0978 —1.6790 |’

| 29173 —-0.8642  0.6794
7| 11708 —03173 —2.8497 |

L[ 14307 0.0905 27906 g
"T 223064 10554 17820 |

129301 0.6167  0.5456 !
7 12321 1.5468 —0.8335 |

State

6
40
2
0

-2

N

o

Estimation error
|
N

|
A

o
n
Nl
»
[o¢]

10
Time (s)

Figure 1. The state response of the system (1) and (3).

4
Time (s)

Figure 2. The input signal of the system (1) and (3).

Figure 1 shows the state and estimation error
trajectories of the closed-loop system  with
x(0)=[5,—1,3]".

Figure 2 shows the input signal of the switched
systems.

5. Conclusion

The problem of the observer-based H,, control for a
class of switched Lipschitz nonlinear systems has been
investigated. By using the GMLFs approach, the
controllers, observers and an observer-based switching
law, which are independent of the system state, are
simultaneously designed. The GMLFs are allowed to
be disconnected at the switching times and are allowed
to grow on ‘switched on’ time sequences. This
characteristic gives more freedom for the design
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problem addressed to be solvable as more Lyapunov
function candidates for each subsystem are available.
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